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Chapter 1

Manifold

One of the most fundamental mathematical object in this course. All our space-
times studied in this course are manifold.

e Open ball in R (R" is a topological space)

An open ball with radius 7 centered around a point y = (y',...,y") in R” is

o=yl = (S —v?) <1}

{xER"

e Open set in R™: set of points expressable as union of open balls.

1.1 manifold

Definition 1.1.1 (Mainfold). A set made up of pieces “look like” open subsets
of R™ such that these pieces can be “sewn/glued together” smoothly.

Definition 1.1.2 (Precise Version). An n-dimensional, C*°, real manifold M
is a set together with a collection of subsets {O,} satisfying:

(1)Each p € M must lie in at least one {Oy}. {On} cover M.

(2)For each «, there is one-to-one, onto, map:

Yo 1 O = Ugq (11)

where U, is an open subset of R™.
(3)For two sets O, (Op # 0, the map g oyt is C.

1



2 CHAPTER 1. MANIFOLD

Now let us look at this definition more closely.

What kind of set?

e M is a set: a collection of objects.

e Together there should exist O,. Each O, C M.

e O, covers M: Any object in M must be in one or more O,

What kind of subset?

e One-to-one and onto mappable to open subset of R™(“one-to-one” & “one-to-
one correspondance” are different).

e one-to-one + onto = one-to-one correspondance;

e one-to-one: Let f: A — B be a function. f is said to be one-to-one if

Ve, 0 € A, 21 # 22 = f(21) # f(22)

e onto: Vy € B,3x € A, s.t, f(z) =y.
e Composite of 95 01! is smooth (infinity differentiable).

R’l
Vp
1.2 Example of manifolds
(1)
R",{O} (1.2)
O = R" ¢ = identity map 1.3
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(2) any open subset of R™.
(3) 2-sphere: S2

52 = {(ml,xQ,xS) eR| (@) + (12?2 + (1) = 1} (1.4)

One function 1 can not map S? to R%2. And this is also the reason we need a
collection of 9.
(4) In this course, we view the spacetime as a 4-d manifold. There are theories
with extra-dimensions, such as string theory. They view the spacetime as a 10-
or 11- dimensional manifold.

this course = spacetime is 4-d manifold.
Now the definition of manifold is clear. Let us also name other quantities we
encountered in this definition.
e The mapping 1, are called “chart” or “coordinate system”.
e The collection of all (O, %, ) is called “atlas”.

1.3 Product of manifold

Given two manifold M, M’ with dimensions d, d’, form a new manifold.
For
p€O0, CM,pe Oz C M
Vq :Oa%Ua,zﬁ'ﬁ:O%%Ué

then the new manifold is M x M’, s.t.,

(p,p") € Oa x O S M x M
Vap 1 Oa X O — Uy x Up
Yap(P:p') = [Ya(p), ¥5(p)]
This 15 and {Opg} satisfies the definition of a manifold. Then M x M’ is a
new manifold. It is called the ”product manifold”

e Most manifold in this course are R™ x S™ ,n+m = 4.
e Many manifold in string theory are “product manifold” too.
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Chapter 2

Vectors

2.1 Tangent vectors and tangent space

e Intuitively, when manifold is embedded in R"™.
e When embedding is not explicit or possible.

Let F = { all C* functions from M — R'}
Then a tangent vector v at point p € M is a map v : F — R!, s.t.

v(af +bg) = av(f) +bv(g) Vf,g€ F;a,beR (2.1)
v(fg) = f(p)v(g) + g(p)v(f) (Leibnitz rule)

(Homework: Show that v(c) = 0 for constant function C'.)
The collection of tangent vectors form a vector space, V.

Theorem 2.1.1. Let M be a n-dimensional manifold. Let p € M and V,, de-
note the tangent vector space at p, then dimV, = n.

5



6 CHAPTER 2. VECTORS

The operators X, : F — R defined as

o
Xuofzw(fow ), pw=1,...,n (2.3)

span the tangent space V,, and therefore is its basis.

Here (z',22,...,2™) are the Cartesian coordinates of R™. 1) is the chart from

M to R™.

0

° {X“ = 5o uw=1... ,n} is called the “coordinate basis” (Because it has to
x

apply on f ot~ which means ¢~! has to be used and known), and % is called
“coordinate system”.

Proof. Let ¢ : O — U C R™ be a chart, p € O. Let f € F, then

foyp™:U = RYisC™® (2.4)
Then for = 1,...,n define X, : F — R! by

X1 = gmlfov | (25

We see X, (u = 1,...,n) are tangent vectors from definition Eq(2.1) and
Eq(2.2), and they are linearly independent.

We show that X, span V.

For any C'*° function, F : R™ — R, we can construct H,(z), s.t.

F(z) = F(a) + Z(:c“ —a"H,(z) x=(z',2%...,2"),a = (a',a® ...,a")
p=1
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Then we have

oF

31”“ r=a
Now letting F' = f o™, a = 1(p), then for all ¢ € O, putting F on ¥(q) =
yields

H,(a) = (2.7)

F(@) = ) + Y [e" 0 b(a) — o 0 b Hy (4(0)) (2.8)

here z* o 4(-) is the coordinate projection operator.
Let v € V,,, we show v is a linear combination of z,,. To do this, we apply v
on f, and then evaluate on p

olf@l| = +Z{[x“ow —at'oy(p) | v(Hov)+H,ou(q)v [0 (g)—z"ou(p)] |

q=p q=p

Now v acting on constant produces zero, therefore,

= > [Hy o (p)v(z" o 1)) (2.9)
p=1
oF 0
Now, H, o (p) = H,(a) = el @(foi/fl) o Xu(f)

then v(f) = Zv"XM(f), where v = v(xH o).

This can be done for any v, and therefore an arbitrary vector v can be ex-
pressed as a sum of X,

v=>Y v'X, (2.10)
=1

Comments:

1. X,, depend on both ¢ and f.

2. v* only depend on 1.

3. Therefore v depend on f too, but its component does not depend on f,
they only depend on .

4. Note that v is indeed a number in R*.
If we choose another coordinate system 1’

Y

then chain rule applies,

X, = zn: O | (2.11)
P dar L) '
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where 2’ is the v-th component of 1’ o ¢~ 1.
For a vector v, the components change according to

n oz’
v __ 7 .
v = Sl (vector transformation law)
x
p=1

:L,/l/
(So they are the same as change of basis in linear algebra, where —— is the

Oxt

matrix for coordinate change.)

2.2 Smooth curve & tangent field

A smooth curve on a manifold M is a C'°*° map

C:R—-M

For any point p € M lying on the curve C, and Vf € F, we associate a tangent
vector T, defined as

T =200 v

dzt dxt

0 _
oV = NG, e

0

Note here f o C is a function from R! to RY; f o1~ maps from R to R!. This
tangent vector function apparently depend on the choice of f.

However, its components in any coordinate basis, is independent of f and
given by

_dzt

T =Y T'X,(f); = (2.13)
"

2.3 Tangent field

o V},, V, are different vector space.

o If no other structure is given to M, then no natural way to identity v, € V,,
with vy € V4.

e However, we can define a smooth tangent field on all points on M.

(1) A tangent field, v, on a manifold M is an assignment of a tangent vector,
v|p € V,, at each point p € M.

(2) Now for f € F: M — R, for each p € M, v|,(f) is a number; i.e., v(f) is a
function on M.

(3) If v(f) is a smooth function for any f, then we say the tangent field v is
smooth.

(4) v is smooth only when v* is smooth because

v=ov"X,(f). (2.14)

and X, (f) is smooth because f, 1! are smooth.



Chapter 3

Tensor

3.1 Dual vector space

Definition 3.1.1 (Dual vector space). Let V' be a finite-dimensional vector
space (Which could be a tangent space), let V* be collection of linear maps
f:V =R

Define addition and scalar multiplication in this space, and then V* becomes a
linear space. We name it as dual vector space to V. Any v* € V is called a
dual vector.

2%

Ifvi,...,v, is a basis of V, then v'*, ... v?*, s.t.,

1 =
o ) = 6t = {o i

can be proven to be basis of V*
Definition 3.1.2 (Double dual vector space).
V= {flf v o RY}
Now we do the follow identification
W (w*) = w*(v)
W — v

Then the double dual vector space can be identified with the space V.
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Vi

V* EE

v

3.2 Tensor
Definition 3.2.1 (Tensor). A tensor of type (k,1) over V is

T VXVX-XVXV*x--xV* —>R!
k l

o 7 = {T}is an n**! dimensional vector space;

e cach element T is multilinear;

e any T can be completely known if we know how it acts on the basis {v*} of
V* and {v} of V.

T +— T(v* v, ... ,v*i’“;vjl, cey05)
Two tensor operations
Definition 3.2.2 (Contraction).
C:Tk1) —Tk-1,1-1)

CT:ZT(...,v”*7...;...,vg,...)

o=1

Change the vectors at ith, jth positions to a pair of basis.
Contraction between ith dual and jth positions.
e Contraction is independent of change of basis for V., V*.

Definition 3.2.3 (Outer product).

TRT =TT

T(kz+k’,l+l’)z{T®T’

TeTk1):;T € T(K, z')}
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e Quter product form a new tensor. Their collection forms a vector space too.
o {v,, ® -V, @ - QU1 -V} forms a basis for T (k,1).
Every T of type (k,1) can be expressed as

n
_ E [T v
T= T Vl...VzUHfl ® v

p1...vp=1

THuobk -, are called components of T.

sVl

Definition 3.2.4 (Contraction and out product in terms of components). Con-
traction in terms of components:

Vi..Vi—1 V1...0...V_1

(CT)Hl“'P«k—l _ ZTUIMUW“,@
o=1

Out product in terms of components:

S=TxT

GHL ! — PHL- T’llkJrlmlikMe’
Vi Vg Vi...1] Vi1V

we will mostly work with components in this course.

Applying to tangent space V, of p € M

e V) is called cotangent space;

e v € V7 is called contravariant vectors;

v € V) is called covariant vectors;

convention: contravariant vector component use superscript v*;
convariant vector component use subscript v,

e V}, basis:

0/0x',0/0x*,...,0/0x"

V' basis denoted as dx',... dz"(only symbols; defined through dx“(ai) =
xl/

or).

e Change of basis

n ’
’ 833/“
o m
vt = Zv Do (3.1)
p=1
n
oxH
ro_
w#, = Zwﬂw (32)
p=1
TRy - D't ozY
1P - 11k
T V{...V{ - Z T vi...Vp 833“1 ax/l,l/ (33)
P1seee =1
e Tensor field on M = {one tensor from each point on M}. A tensor field is
called “smooth” if T'(w!, ..., wk; vy, ..., v;) is smooth, where w?, ... w" are arbi-

trary k smooth covariant vector field, vy, ..., v; are arbitrary [ smooth covariant
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vector field.
Metric tensor
A metric tensor, g, on a manifold M, is a symmetric, nondegenerate tensor of

type (0,2).
e symmetric

g(v1,v2) = g(va,v1) v, €V

e non-degenerate:

if g(v,v1) =0 for all v € V},, then v; =0
So a metric is a inner product on the tangent space at each point.
Notation:

g= Zg,“,dx“ ® dx”

sV

Sometimes, we write g as ds2, omitting ®, so that

d82 = Zgwdx“dx”

v

® g, is non-degenerate, therefore it is diagonalizable to

1

-1

This is called signature of the metric. Positive definite metric is called Rie-
mannian. Diag(— + + +) is called Lorentzian (Spacetime has this signature).
e g as a map and its inverse

G+ Vp x V, — R type (0,2) tensor
For a v € V), fixed, then g(-,v) : V,, — R1; therefore,
g(','U) ev®

In another words, g : V. — V*, Eu guvv* is a dual vector for any vector v*.
This map is one-to-one correspondant. Then an inverse map exist

gLV —V g~ ! is type (2,0)

Components are written as g"”. By definition, we also require

> guwg” =4y, (3.4)
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13

Since Z# gV is a vector in dual space, we use v, to denote its components.

v, = o GV
Similarly,

g:T(k)—Tk-1,1+1)

In component notation,

K1 i Oit2.. [k — PRI B2y
E :gUUT vi..vp T n ’ V1.V
[eg

Similarly, g~ : T(k,l) — T(k + 1,1 —1).
And in component notation,

E ONPHL-- Mk — THL--- Pk n
g T V1...Vi0Viq2...Up T Vi...V; Vit2...U]
4

Notation:
Symmetric tensor built from any tensor of type (0,1)

1
Tty = 5 (Tuw + To)

1
Ty ) - Z Thryeetinqy

mTeEperm

perm here is the permutation of {1,...,{}.
Anti-symmetric tensor built from (0,1) type

1

Ty = Q(Tw - Tuu)

1
T[Ml“-lil] :ﬁ Z 6TFT/'L7T(1)"'N1r(l)

" mEperm

1 even permutation
where 0, = .
—1 odd permutation

We can build partially symmetric, anti-symmetric tensors, e.g.,

v)o 1 vo 124V en vo Vo
T 0 = e T = TG = T8

A totally anti-symmetric tensor

Loy = T[m---m]

is called a differential [-form.

Einstein summation rule
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For any contraction, or summation over particular indices, we omit the
sum symbol Z . So when two indices repeatly appear in a term, they are

N1,..5M
summed.
E.g.,
= YT

123



Chapter 4

Curvature

4.1 Derivative

4.1.1 We seek a covariant derivative operator, V.

(1) V: T of type (k,l1) — T of type (k,l +1).
(2) Linearity

VH(aTcrl...crk S 4 bGgoLTm 7]1~~7]n)

— avHTal...Uk — _|_ bVMSO'L..O'm e (41)
where a,b € R!.
(3) Leibnitz rule
VM(TUL"M 711.4.7)15(11"'@”" B1-.ﬂn) = (VMTUL”% 711...7}1)5(11‘”&7" 61..~Bn+TUl”ﬁk
(4) Commutativity with contraction

VH(T(le%llVﬂk) — VuTaly%llyﬁk (42)

(5) For scalar field, tangent vector = directional derivative
for all feF.tv eV, t(f)=t"V.f
(6) Torsion free
for all fer, VoV f = ViV f

(7) Inner product of two vectors remain unchanged during parallel-transport:

Vage =0 (4.3)
Under these conditions, there exist a unique V,:
vuTcrl.,.cr;%lmm zauTcn...cnmmm + Z FULVTJL..V...%;;“W (44)
- Z T (4.5)
J

15

N

. vusal.-.am

B1..-Bn
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0

Whel"e au = @

1
Iy, = igp” (Ouguo + Ovguo — Osgur) (Christoffel symbol) (4.6)

e V,, is a generalization of 9, when g is constant, I'f,, =0, V,, = 0,,.

e V,, is usually not commutative. V,V, T # V,V T

e 0,1 usually do not produce a tensor, because V,, does and V,, # 9, except
special cases.

4.1.2 Parallel transport

e

e Parallel transport (P.T)
~ generalization in curved space” the concept of “keeping the vector constant”.
e Given a curve z#(s), the P.T of a vector v” along the curve in flat space is

dv”  Ov” dx*

= = =90 4.7
ds Ozt ds (4.7)
gvu however is not a tensor in curved space, so we should generalize it:
x
v, 0" =0 (4.8)
dz
where ¢ = 22
S
e P.T of a general tensor
v, o =0 (4.9)

e This equation is an tensor equation. A tensor equation won’t be changed
under change of coordinate system.

10} m
T/a‘ll.ua';ﬂ — 01Ok % % =0 (4.10)
room T N1 oy T m '
ny.n; dxot ox'™m

4.2 Curvature

“Curvature can be sensed by parallel transport”.
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4.2.1 Riemann curvature tensor

Consider f € F,w € V*, and

v,uvu(fwa) = Vﬂ(vuf cWe T+ fvuwo)
=(VuVoflwe + Vo f - Vuws +V, fVows + IV, Vow, (4.11)

ViVi(fwe) = ViVu(fws) = f(VuViwe = Vo V,w,) (4.12)
(VuVy = VoV, (fwo) = F(VuVy — VY, )ws (4.13)

Now (V,V,—V,V,)ws | depend only on the value of w, at p. Then fw, € V*,
p

f(V,V, = V.V, )ws € T(0,3).

VpeM,V,V, -V, V,: fus — T(0,3). Its action is of tensor type (1, 3).

There exist a tensor field R, s.t. for w,,

(VuVows =V, V,wo) = R, Jwy (4.14)

7. Riemann tensor.

R,

e R, senses whether the manifold is curved.

4.2.2 How R, is related to failure of a vector

Returning to its initial value after P.T. along closed curve, i.e., related to cur-
vature.

Consider P.T. v* from point p. It is convinient if consider variation of viw,,, w,
being arbitrary dual vector field.

0
= J— H
01 Atat(v wy) (52 0) (4.15)
= AtT"V,(v"w,,)

_ v m
= AT (VVOJM)U |(%70)
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v

X
T = 5 is the tangent vector to curve at constant s.

01+ 03 = At{U“T”VuwM(At/z,o) —U”T”VMM(At/z,As)} — AtO(As) (4.16)
Similarly,
bo + 04 — ASO(At) (4.17)

01+083+02+04 is at least a 2nd order infinitesimal. i.e., P.T. is path-independent
at 1st order.
Indeed, we can evaluate the §; + 03 to further accuracy.

01 + 03 = At{UHTUvuw/L|(At/2,O) - U”Tuvuwu|(At/2,As)}
9 [ pw
= —AtASg ('Ul T vywu|(At/2,As))
= —AtAs|(T" *Vavh) + 08V (T
t S[( Viwp) (STVav!) + 015V ( v”w“)] ’ (At/2,A5/2)
= —AtAsv* SV o (T"Vywu)|(at/2,as/2)
~ —AtAsvH TSPV o (T V yw,)|, + O(AE?)O(AL?)

d(vthwy) = AtAsV* [TV o (S Vywy) — S*Vo (T Vyw,)]
= AtAsv"T*s? (Vo Vg — VaVa)w,

= AtAsv"T*SP R, 5hw
(4.18)
Since w,, is arbitrary, the only possibility is
5(v”) = AtAsv*T*SPR 5", (4.19)

This shows that indeed R, 5, (Riemann tensor) is related to the path-dependence
of parallel transport, which is further related to curvature.

4.2.3 Properties of Riemann tensor

(1) R u/a - Ré’ﬂﬂ’ Ruva,ﬁ = _Ryuaﬁ
R

(2) R =0
(3) ;U/(XB = pvBa
(4) Vv

Proof. (1) Definition, Vw,,

(VaVg —VgVa)w, =R (4.20)

v
Wy
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(2) V,.V,w, = 0.
(3) Before prove this, note a result similar to the introduction of Riemann tensor:

k
(vﬂvl) - VDVM)TUIMU;L..TH = Z RuvgiTUI.“amg]’f...m
i=1
l
+ RLETT o (4.21)
j=1

0=(Vu.Vy = VuVi)gas = R,0908 + Rufdac = Ruvap + Ruvpa =0 (4.22)
(4)Vwe,
(VuVy =V, V) Vaws = R ,,6Vews + R,,,GV oo (4.23)
VoV Viws =V V,ws) = Vo(R,,Jwy) = wyVa R, ] + R,V aw, (4.24)

Autisymmetrize both equations for u, v, a, L.Hs becomes equal.

REW@]VVW'B + Rﬁw\ﬂ\v@]wa = wnv[aRZu]a + R?ﬂl/lalva]wn (4.25)
Vilt),, =0 (4.26)
O

4.2.4 Ricci tensor, Ricci scalar, Einstein tensor, Weyl ten-
sor

n?(n? —1)

From properties (1),(2),(3),(4) of Riemann tensor, there are inde-

pendent components for n-dim manifold Riemann tensor. Decomposition into
“trace part” and “trace free part”:

(1)Rua = R, “trace part”.

This is called Ricci tensor: symmetric R, = Ray

From this, define Ricci scalar/curvature

R=R! (4.27)
(2) Trace-free part

2
Cuwap = Ruvap + — (GuiaBeyy — guiaBig))

n—2
_ ngu[agﬂ]u (428)
This is called Weyl tensor/conformal tensor.
(3) Einstein tensor
1
G/,LV = Rp,y - iRgW (429)

Property:V*G, =0
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4.3 Geodesics

Intuatively, “straightest possible curve”.

4.3.1 Geodesic equation

P.T. a vector v along a curve with tangent 7"

TV, o' =0 (4.30)

Geodesic: A curve whose tangent vector is parallel propagated along itself:

TV, T" =0 (4.31)
Supposing T+ = T*#(t), i.e., the curve is parameterized by ¢, and using
d 14
V,TF =90, T" +T5,T°, and dT" = ;t , we get
dT*
—_— reT7°T" =0 4.32
s Z b (432)
i.e., the curve is a#* = xH(t)
A2+ dx? dx”
— Y — =0 4.33
a2 +UZV o d di (433)

Eq(8.61), Eq(8.64), Eq(4.33) are the Geodesic equations.
o It is a system of second order ordinary differential equations (ODEs). Mathe-
matically, a initial value problem of z#(t). Theory of ODE solution uniqueness
tells us:

There always exists a unique solution for any given initial 2*(to) and da# /dt|1—¢, .
Le., given any p € C' C M and a tengent T}, at p, there exists a unique geodesic
passing p with tangent 7,.

4.3.2 Proper length or proper time along the geodesics

timelike g, T*T" <0
e A vector T* is called < null 9w THTY =0, g, THT" is called norm of
spacelike g, THT" > 0
T, g, T*S” is called inner product of T# and S".
e A vector pair can not change their inner product during P.T. A vector can
not change its norm during P.T.
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Proof. For tangent t* of any curve,

"V, (gonT7S™)
= (t"VuT7)goyS" + "V, S"9onT) + t"(V ugonT? S")
=0+0+0=0 (4.34)

t# is arbitrary = g,,1'7S" = constant during P.T.
O

e Then, a geodesic (whose tangent is P.T. along itself), its tangent vectors at
all points are either timelike, null, spacelike; but not change its charcter during
P.T.

timelike = timelike geodesic(curve)
A geodesic’s(or curve) tangents ¢ null = null geodesic(curve)

spacelike = spacelike geodesic(curve)
For timelike geodesic/curve, define proper time

t=ty
7= / (=g THT") 2 dt (4.35)
t=t;
For spacelike geodesics/curve, define proper length
t=t .
I = / (9, THT") 2 dt (4.36)
t=t;
or combined .
s
1= [ gurrT)tar (4.37)
t.

i

4.3.3 Properties of (timelike/null/spacelike) geodesics

(1) Proper time or proper length is independent of the parameterization of the
curve. Consider a# — z#(t(s)) = z#(s)

1 dx“d:r”1
= — ETYN2 dt = — )2
T /( g THTY) 2 dt /( e R
B da?
:/( dx dx)5@~dt

“ImTas ds ) dt
= /(_Q/WS“SV)%dS =Ts (4.38)

Essentially, reparameterization is a change of variable for a definite integral.

4.3.4 A globally extreme curve (shortest length or great-
est proper time)

Connecting two points, if exists, there must be a (spacelike or timelike) geodesic.
A spacelike/timelike geodesic is at least a local extreme.



22 CHAPTER 4. CURVATURE

Proof. Consider a spacelike curve, fixed end points ¢t = a, t = b,

dzt dx”dt dz® d(ozP) 1 090p . 5 dx® dzP
/[ 2 0w T jgggaﬁ‘zﬁi' i T2l a

)

(4.40)
dz* dz¥
[ will not be changed by reparameterization, therefore we can set ; gm,% % =
1
dz® déx® 1 Jap dz® xP
“szﬁdwﬁ 907 a @™
R Do i o7 P Ly o i
YBTa T L e Tdt dt T 242 0aP di di
d?z7 1 dz® dx?
~Y9aB gz T 5[@39&[& — Orgap — C%QW}WW
A’z 1 dx® dz?
_ By _ =
72 T 59 ' [089ax = Ongap — Dagrsl - =0
(4.41)
Geodesic equation
d?xY dx® da?
m —— = 4.42
dt? oy dt dt 0 ( )
O

4.4 Collection of geodesics

In flat manifold, initially parallel geodesics remain parallel forever. In curved
manifold, they will not necessarily do this. we study how geodesics deviate from
each other.
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e To be concerete, consider a one-parameter family of geodesics, v5(t). Le., for
each s e R
vs(t) i1t — C e M (4.43)

Here ¢ is the affine parameter.
Then these geodesics define a 1 + 1 dimensional surface embedded in M. Its
coordinates can be chosen as s and ¢:

M = zH(s,t) (4.44)
Two natural vector fields
i
T = aait tangent vector (4.45)
Oxt -
St = Bs “deviation vector” (4.46)
s

e Then how fast the s* changes can characterize how fast geodesics deviate from
each other. Define “relative velocity of geodesics”

VH = (VrpS)t =TV ,S" (4.47)
Further more, how fast this “velocity” change becomes “acceleration”.
Define “relative accelaration of geodesics”

a' = (VpV)H = TPV, VH (4.48)

The names are just names, but these quantities are well defined.
e We would like to show a* is related to the curvature of the manifold.

a' = TPV ,(T°V 55" (4.49)
= TPV ,(S7V,T")
= (T*V,57) (Vo TH) + TP SV ¥ , T*
= (S°V,T°)(V,T") + T*S°(V,V,T" + R T")

vpo
= (SPV,T7) (Vo TH) + sV, (TPV,T*) + RL,, T"TPS7 — (S°V,T°)V , T*
= R! T"T,S° (4.50)

commutator of covariant derivatives and geodesic condition T°V ,T* = 0 are
used.

Therefore, geodesics will accelerate towards or away from each other if and
only if Rl;aﬁ # 0. Initially parallel geodesics will not be parallel again if and
only if R} 5 # 0.
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Chapter 5

Motivation and special
relativity

5.1 Short review of S.R.

Now we motivate the introduction of general relativity, during this we also do
a short review of S.R.

e Why we study tensor calculus?

All physical laws can be expressed as a tensor equation.

All physical measurements are either scalar or components of vectors, ten-
sors.
e Physical laws should not depend on the frame or any particular vector/tensor
fields.

Le., laws formulated in different frames should predict the same physics.

More generally, the metric is the only quantity associated with spacetime
that will appear in physics laws.(General covariance principle)
e In prerelativity physics, laws also follow special covariance principle, physical
laws (written in components form) remain unchanged under metric rotation and
translation; plus time reversal and space parity.

5.2 Special Relativity

5.2.1 The spacetime in S.R. is an R* manifold

The mapping spacetime — R* is called a global inertial coordinate sys-
tem(I.C.S).
The infinitesimal spacetime interval is

(ds)? = —(cdt)? + (dz)? + (dy)? + (dz)? (5.1)

25
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Remember the norm(or “interval”) between two points on a manifold is
(ds)* = g datdz” (5.2)
This suggest metric in S.R. is
-1
N = diag(—1,1,1,1,) =

= Christoffal symbol I'% = 0;

= Covariant derivative V,, = 0,;

Spacetime in SR is an 4-d manifold with metric 7,,. This spacetime is called
Minkowski space.

5.2.2 Pioncare transforms

S.R. also asserts that the speed of light in vaccum in any inertial coordinate
system is the same.

Combing with the isotropic property(or assumption) of spacetime, one can prove
that the spaceetime interval is invariant in different I1.C.S. Also, from the rela-
tivity principle, I.C.S. can only be connected by linear transforms.

Now linear transforms should be

[X"] = A[X*"] + [A%] (5.4)
(1)[A*] part correspond to translation:
't =2t + at (5.5)

(2) A[x*] part correspond to “generalized rotation”.
To have spacetime intervals invariant
(ds)? = [dxu]T[n;w][de] = [dx'”}me [dz""]
= [dz")" AT [, ] A[dz] (5.6)
[77#11] = A" [an]A .
Noo = NG (5.8)

[A] called Lorentz transforms.

First kind A: conventional rotations

0 0
cosf)  sinf
—sinf cos6
0 0

(A7

v

\
OO = =
o O OO

—

ot

©o

=
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Rotation in x-y plane by angle 6.
Second kind A boost:

coshg —sinh¢
—sinh¢  cosh¢
0 0
0 0

(AY] =

v

(5.10)

O = OO
= o O O

Boost along X-direction.
Why this is a boost?

Consider the [X'*] = point in the [z#] coordinate system

o O oo

t' = tcosh ¢ — x sinh ¢
2’ = —tsinh ¢ + x cosh ¢

The t' = 0,2 = 2/ = 2’ = 0 point correspond to (¢, 2!, 2%, x3) point s.t

inh =tanh~!v
z _ sinh¢ = tanh ¢ gtanh vy (5.11)

t cosho

So we went from a I.C.S. of velocity zero to velocity v = boost

{t’ =(t — vx)

' =y(z — vt)

v = %1}2 Length contraction and time dilation.
There are 6 independent rotations and boosts. They form a proper Lorentz
group, SO(3,1), non-abelian.

Proper Lorentz transforms, together with 4 translations, from a ten param-
eter group, called poincare group. Non-abelian either.

Third kind A: discrete transform

-1
[T] = time reverse (5.12)

[T] = parity transform (5.13)
-1

The proper Lorentz transform plus time reverse and parity forms a full Lorentz
group, O(3,1).
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5.2.3 Physical laws in S.R.

All quantities and laws has to be written as tensors to garantie invariance in
different 1.C.S.
e 4-velocity:

A timelike curve C parameterized by its proper time 7.

At

4 velocity u" = 2 (7)
dr

Property: u'u, = —1.

Proper time is defined as for any parameterization a*(\)

A
T=/ (=g T"T") 2 dA (5.14)

Ai

where TH = dx“()\)'

e 4 momentum: material particles have an attribute called “real mass” m.
4-momentum:

p* = mu# (5.15)

e Energy and energy-momentum tensor
Energy measured by a moving observer with 4-velocity v* of an particle with
4-velocity u* is defined as

E = —p, " = —mg,utv” (5.16)
when observer is at rest w.r.t particle, v* = u”

E =mc?, where ¢ =1 (5.17)
Generalize this idea, the energy-momentum tensor of a contimass matter(stress-

energy tensor) is denoted as T),,,.

T, v"*v” = energy density

i.e., the mass energy per unit volume measured by an v* observer.
Conservation of matter: 9,7 = 0.

5.2.4 Different matter

e Perfect fluid: a fluid that is isotropic in its rest frame and having no stress.

Ty = puyu, +p(77/w + uuuu)
= (p+ P)upts + Pl (5.18)
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In rest frame:

) -
p
L] = » (5.19)
L p ]
For pressureless dust in rest frame:
) -
0
- 0 -
Conservation:
T, =0 (5.21)

p: energy density in rest frame.
p: pressure in rest frame.
ut: 4-velocity of fluid.

d -
e In the limit of nonrelativistic, p < p, u* = (1,7), |17|d—]t? < |Vp|, derive the

Euler’s equations of fluids.
e Electromagnetic field

1 (0% 1 (03
T, = EFWFD — Z"“”F‘*ﬁF B (5.22)

F,, =0,A, —0,A, is called field strength, A, is the vector potential.
Electric vector field E,, = F),,v".

Magnetic vector field B, = —%ewﬁVFg,yvo‘, € is the totally anti-symmetric ten-
sor with €0123 = 1.

Maxwell’s equation

{8"F,“, — —4rj,

i, 1s the electric charge density current.
OpFap =0 jy § '

Lorentz force law on a particle with 4-velocity u*:
ut A = %Fguﬂ (5.23)
e Scalar field described by Lagrangian
1
L= —5(8M¢8“¢+m2¢2) (5.24)
The energy-momentum tensor is
1
T = 0u$0p = 50y (9° $0a + m*¢°) (5.25)

Prove that for any observer, the E.M.T for perfect fluid, electromagnetic
field and scalar field satisfies the condition

Tvtv” >0 (5.26)

This is called (weak) energy condition.
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Chapter 6

General Relativity and
Einstein Equation

6.1 Motivation

We start from basic principles and attempt to argue that they lead naturally to
an almost unique physical theory.
e Weak equivalence principle(WEP)

f =m;ad m; : inertial mass
fg=mgVe

mg : gravitational mass ¢ : gravitational potential

WEP: m; # my is the same for anybody.

e Einstein E.P.

31
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T AT i
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= The above box should be small for the argument to work.

= After S.R., the equivalence of “mass” becomes less meaningful. After all,
mass can be converted to other format.

This motivated Einstein for his E.E.P.:(the principle of equivalence)

In small enough regions, the law of physical reduces to those of S.R. All
bodies are influenced by gravity, and all bodies fall precisely the same way in a
gravitational field.

E.E.P= Spacetime should be considered as a curved manifold.

J No global inertial frame because gravity is inescapable. The establishment
of global inertial frame in S.R. implicitly assumed the existence of a force-free
reference. Now this is impossible. “The acceleration due to gravity” becomes
an imprecise statement, because we don’t have a frame for measurement.
J Instead we say bodies under influence of gravity (only), do “free falling” (along
their geodesics in a curved spacetime).
J Inertial frames have to become “local”. When the region is small enough, we
expect the influence of gravity on the “box(frame)” is universal. S.R. should be
restored here.
J The best we can do is to associate a “local inertial frame” with each particle
moving freely in gravity (free falling).

Einstein then tried to find an equation that describes the influence of gravity
on matter. [Note the E.E.P. is a postulate: it can not be proven but be falsified.]

6.2 Einstein equation

We start from an equation in classical mechanics, which connects the spacetime
geometry with matter distribution, and then use the above principles and in-
tuitions as guidelines. Study the description of tidal acceleration in Newtonian
mechanics and G.R. L.e., Consider the free fall of two test particles:
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In N.M., the free falling is described by

2, 2.
(&), =) (@)=l ©

¢: gravitational potential.

Then the separation of P and @, changes as free falls., ¥ = (z;)p — (2;)q-
When the separation is itself small
d*z; %9 N\ .
7 = (o)™ (62

Taylor expansion can prove this.
Le., the “relative acceleration of geodesics”

at = — (00" )’ (6.3)
In G.R./differential geometry,
at = —Raﬁﬁjvo‘vvxﬂ (6.4)
o Guess R, v <— 050" ¢.
V3¢ = 4np Poisson’s equation (6.5)

p: mass(energy) density of matter.

p — T v (6.6)
T,:E.M. tensor
v#: velocity of free falling fluid
e Suggest:
R, HvvY = 4rT, 007 (6.7)

Ry = 47T,
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This was first postulated by Einstein.
e However from Bianchi identity,

1
V¥ Ray — §9MR) =0. (6.9)
From EM tensor conservation,

VT =0 (6.10)

so applying V¢ to Eq(6.8), we get
VaR=0 (6.11)
R = const (6.12)
T} = const for any matter (6.13)

This is apparently unphysical.
e Now we want a relation satisfies Eq (6.10) and Eq (6.7). Such and equation
is found by Einstein in 1915,

1
R;w - iRg;w =81 (614)

The LHS tensor is actually named after Einstein, the Einstein tensor.

(1) This is the celebrated Einstein equation.

(2) From now on, we shift our focus of the course to the solution of this equation.
o First let us see that Eq (6.7) is indeed satisfied.

From
R =-87T (6.15)
Ry = 8m(Ty — %QWT) (6.16)
when observer is roughly at rest with fluid v#v, = —1
T~ —p=—Tpsv*v? (6.17)
Then,

R 0" " = 8m (T, v"v") + 47rgu,,Ta5vav5v“U”

= 4T, vtv” (6.18)

This recovers Eq(6.7).

6.3 Physical laws in G.R.

e general covariance
e locally reduce to S.R.
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(1) In G.R., physical quantities are still described by tensors.

Motions of particle are described by timelike curves.

Perfect fluid velocity u*.

em.t, Ty = puyty + p(guw + upuy), Em. field:F,, .

(2) Physical laws are still described by tensor equations.

“Two principles requires equation being invariant under any coordinate trans-
form.”

Two rules should be applied to equations in S.R.

(a)

Nuv — Guv
3 1
dig(—1,1,1,1) general
(b) 0y — V,, “minimal substitation”

A particle: momentum p* = mu#
Perfect fluid: E.O.M. V*T),, =0

w'Vup+(p+p)VFiu, =0
(p+ P)uHVyuy + (guv + upuy)VFp =0

Scalar field:

1
T = VudVid = 590 (Voo V70 + m2p?) (6.19)
Electromagnetic field
1 1
T = g {Fualy = J0mFas P} (6.20)
Maxwell’s equation
VHF,, = —47j, (6.21)

(3) However, these two rules “n,, — gu, 0, — V,” are only guide lines.
It did not recover terms that will only appear due to curvature. For example,
Mexwell’s equations for vector gauge field A, (in the Lorentz gauge)

ViV, A, — RbUA, = —4nj, (6.22)

However, in S.R., the corresponding equations was
o0, A, = —4rj, (6.23)
VIV A, = —4mj, (6.24)

If “minimal substitution” was used, the —R% A,, therm won’t be constructed.
However, Eq(6.22) is favors over Eq(6.23) because it satisfies current conserva-
tion V,j¥ = 0. So, the true physical equation really is determined from physics.
(In this case, the one with —R.A,,), not the “minimal substitution” rules.

However, they are good guide lines. In our course, all equations will be the
one obtained from physical consideration.
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Chapter 7

Linear gravity

e G.R. is a new description of gravity. It should reduce to Newton’s gravity in

where it works: weak gravity and low speed.

7.1 Linearize G.R.

Consider metric
Guv = Muv + Vv Nuv = diag(_L 1,1, 1)

|7 | < 1, then,
gh = gt —
the Christoffel symbol

« 1 «
L, = 5 B(a,u%/ﬁ + O Yup — OpVpuw)
Ricci tensor

R, = (%Ffju — 0.y,

« 1 feY 1
= 3 3(1,7H)a — 56 (%’y,w - iauﬁl,’y

here v = ~¢.
Einstein tensor
1
G;u/ = Ruu - 577771/R
1 1
= 00w Ve — 58(’8&%” N 5”#1/(8&8[3%6 — 0%0a7)

Let us define 7, = v, — %nwfy, then Einstein Equation,
1 e = feY = 1 anf <
G;u/ = _58 80/7;w +0 8(1/'7#)04 - inuua 0 YaB = 87TTp,V

37

(7.5)

(7.6)
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Let us do an infinitesimal gauge transform with vector field &,,

x/oz = @ _’_ga |£a/xa| <1

then,
ww oz’ dx'P
97 = Jap ozt Oxv
= (Nap + Yap) (05 + 0,6*) (6] + 0,£7)
N + 'V;IW =Nuv + Y + &/gu + 8;&6!/ + 0(52)
IY;I,I/ = Vv + 8y§u + auf,u,
and,

'7/ = ’7&0[ = Yo 120%0 =7+ 20%,

_ 1
’YZW = F)/;/,LV - inuu’Y/
1 «
= Yuv + 8;L§y + al/ﬁu — 3N (’Y + 20 50)

2
=Y + a/tgu + avgu - nuyaaga
8”'7;“/ = 0"Yu + 0Y0,& + 0Y0,€, — 0,0%,
= aui;w + auaué-#

Since £¢ is the gauge, we have the freedom to choose it s.t.,

ayﬁ/,uu = _ayaugu

(7.10)

(7.11)

(7.12)

(7.13)

(7.14)

then, 8”’71'“, = 0.(This is an analog of the “Lorentz gauge” condition in F&M

theory.)
Now the E.E under the gauge transform becomes

1 _
—58“8a"/iw = 87rT[W
Dropping the ’ for the simplicity sake,

0“0y = —16aT,,  (L.E.E)

7.2 The Newtonian limit

e In the Newtonian limit, the fluids should have

p>p (rest energy dominates)
4-velocityu* = (1,0,0,0) (slow speed condition)

then their e.m.t becomes
Ty = puyy

(7.15)

(7.16)

(7.17)

(7.18)
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e More generally, for other matter form in the Newtonian limit, we assume

[T] = {%} (7.19)

the ignorance of “0i” ¢ = 1,2,3 components means that the velocity is small,
the ignorance of “ij” ¢ = 1,2,3 components means stress is small.

e We therefore expect the metric to vary slowly.

We seek solutions with dy7y., = 0.

Then the L.E.E becomes

V?300 = —16mp (7.20)
V2’7ij =0 (7.21)
(7.22)

where V2 = 010, + 020, + 0305 is the Laplacian operator on space index. The
solution to Eq (7.21) and that satisfy the good asymptotic flatness is

Vi (7.23)
The solution to Eq (7.20) is the following
Yoo = —4¢ (7.24)

where ¢ satisfies
V2¢ = 4mp (7.25)

Therefore %, = —4¢t,t,, ¥ = 4¢. Then the perturbative metric becomes

_ 1
Yur = Yuv + 577;W7

_ 1 _
= Yuv — inuu'y
= —(4t,t, +2nu)0 (7.26)

The motion of a test particle is given by its geodesic

d?z+ dxf dx?
il w7 —
o+ pzarpg( ) () =0 (7.27)
Now in Newtonian limit, particle is slow moving
[dz*/dT] = [1,0,0,0] (7.28)
Tt (7.29)
Then the geodesics Eq.
d?xH "
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For u=1,2,3, using vy,, we get after neglecting time derivative

10v00 09
It =—= = — 31
00 2 Ozn Ozt (7.31)
Finally, we get
d?zt
W = —3H(b n = 1, 2, 3 (732)
ie.
a=—-V¢ (7.33)
We then recognize that
e ¢ is the gravitational potential
e the Eq (7.33) equation is the Newton’s law under gravity
e the Eq (7.25) is the Poisson equation
Newtonian limit is recovered.
7.3 Gravitational Radiation
7.3.1 The Coulomb gauge
The linearized E.E. in a sourcefree spacetime is
0%0aYuw =0 (L.E.E) (7.34)
It should also satisfy the Lorentz gauge condition
Y =0 (Lor.cond) (7.35)
In obtaining these, we made the gauge transform
(original)
Yuv = Ypv + a,ugu + auf,u (736)
and & should satisfy
010,68, =0 (7.37)

Now we would like to show that there exist wave solutions to the L.E.E. The
key is Lorentz gauge condition does not fix the gauge completely. In addition
to Eq(7.37), we can set the condition for £# at a initial surface t = ¢:

06 o 2
2(—~5;-+v-§)::—v (7.38)
(79 (5) = ran
0 0
% + 83 =—You (B=12,3) (7.40)

V3, +

O (%)= Do (y—123) (7.41)

oxr \ ot ot
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This is an first order ODE system of {9,,&,, u, v =0,1,2,3}.
We assert that with these conditions on §,,
v=0 (7.42)
You =0 (1=1,2,3) (7.43)

can be achieved throughout the source free spacetime.
Then substitute back into (Lorentz cond)

oo
— =0 7.44
ot (744)
and into (L.E.E)
V2700 =0 (7.45)

The only sensable solution then is 799 = 0.(constant can be gauged away).
In short, the following can be achieved by just manipulating the gauge

=0 (9c2) (7.46)
You =0 (ge3) (7.47)

The combination of (Lorentz gauge) and (gc2),(ge3) forms the radiation (Coulom-
b) gauge condition.
Now we seek plane wave solutions of the L.E.E. of the form

Yuv = ;weil?p(ik’l‘a) (748)

where H,,, = constant field.
Then the LEE’s solution exists if and only if

k'k, =0 (7.49)

the coulomb gauge conditoin
k'Hy, =0 (7.50)
Hj =0 (7.52)

There are 4+4+1—1 equations (Eq(7.50),Eq(7.51) have 1 redudancy: Ho, k" =
0), and there are 10 free components of H,,. Therefore Eq(7.50)-Eq(7.52)
suggest that the gravitational wave have 2 independent(= 10 — 8) polarization
states. The wave is still waiting to be detected.
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Chapter 8

The Schwarzschild Solution

Now we would like to put G.R. to work:
to predict something beyond the Newtonian gravity.
Mathematically, put E.E. to work:
wherever gravity is important & manifest & 7}, is not too complicated.
= Exterior space:
(a)gravity of our solar system = Schwarzsbhicd solution
(b)or some other exotic objects = e.g. black holes
(c)or even larger space. e.g. our universe = cosmology
We do the study according to (a) — (¢) — (b) order

8.1 The spherecially symmetric metric

Apparently, the E.E will be much simpler if the metric has some symmetry.
-1
. . . . 1
The simplest: Minkovski metric g, = 1., =

1
rotational symmetry + translational symmetry.
The next simplest: rotational symmetry=- spherically symmetric S2.

8.1.1 A handmoving argument

e Symmetry in differential geometry are described by Killing vectors.

e There exist a Frobenius’s theorem which assert that: a spherically symmetric

manifold can be foliated into spheres.
By foliation, we mean:

if we have an n-dimensional manifold foliated by m-dimensional subman-

ifolds, we can use a set of m coordinate functions u* on the m-dimensional

submanifold to tell us where we are on this submanifold and use n —m coordi-

nate functions v’ to tell us which m-dimensional submanifold we are on.

43



44

CHAPTER 8. THE SCHWARZSCHILD SOLUTION

1. Foliations by S2:

e R3 Foliation by S? with an origin.

Ao

Here we suppressed one dimension of S? and use a circle to represent
it. There is no point that looks like an “origin”. [Imagine yourself
being labeled on such an S2: as you walk in radial direction, you
experience a period of smaller radices and then it become large again.|
All of these are possible because we do not have a flat spacetime like
Ny any more. We are allowing any 4-d manifold to be a possible
candidate of spacetime until we exclude them by experiments.

More precisely, an n-d manifold foliated by m-d submanifold has a
metric

ds? = g datde” = gry(v)dv'dv” + f(v)yi;(u)du'du’ (8.1)

Here v/, I = 1,...,n — m are the coordinates that fixing which
submanifold; u*, i = 1,...,m are the coordinates on the m-dim sub-
manifold. ~;;(u) is the metric of the submanifold.
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Note:
(1) no cross terms dv’du’
(2) both g7;(v) and f(v) are functions of v! alone.

8.1.2 The spherecally symmetric metric in 4 —d spacetime

e Realize this theorem to our foliation by 52, then our m — dim submanifold is
an 2 — d sphere. Its metric can always be chosen as

dQ? = d6* + sin® 0dp? (8.2)

where (0, ¢) are the two coordinates (same angles as you learned in spherical
cordinates in calculus).
Then the metric of our 4 — d spacetime becomes from Eq(8.1)

ds* = gaa(a,b)da® + gap(a, b)(dadb + dbda) + guy(a, b)db® + r*(a,b)dQ* (8.3)

Le., we use a,b to denote the rest 2 coordinates, and r%(a, b) to denote the f(v)
function in Eq(8.1).
e We are free to do coordinate transform from (a,b) to (a,r), i.e., a reparame-
terization of b by r.
(Condition: assuming r depends on b; otherwise do (a,b) — (r,b); even other-

. or or
wise, o = 0= %) .
So the metric becomes db(r) — 8—dr

r

0b 0b

2 _ 2 o e

ds® =gaa(a,b(r))da + gap(a,b(r)) (daardr + 5 drda)
N2, 0 200
+gbb(a,b)<§) dr “+7r dQ) (84)

define new functions and rename

ds* = gaala,r)da® + gar(a,r)(dadr + drda) + g..(a,r)dr® +r?dQ*  (8.5)
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e Now we seek another transform of coordinates so that the crossing term
dadr + drda can be killed.

Le., we seck a transform (a,r) — (t(a,r), s(a,r)), s.t., ds* = gudt* + gssds® +
r2(s,1)dQ>.

The transform (a,r) — (t(a,r), s(a,r)) is the most general one we can do, how-
ever it spoiled the 72d2? term that we tried to put r as one of the coordinates.
Then, let us try to see whether we can find a transform T

T:(a,r) — (t(a,r),r) (8.6)
s.t. (Dkill cross term,@keep r as a coordinate
ds® = g,,dt* + gl.dr® + r*dQ? (8.7)

Does this coordinate transform exist?
If yes, then since

0%t ot ot
2 _( 2" 2 [
ds® =(gy 92 Yda® + gy 90 Ir (drda + dadr)
+ (8—%9’ + gl )dr? + r2dQ? (8.8)
87"2 tt rr
Comparing to Eq(11.12), this require
, 0%t
Jaa = gtt@ (8'9)
ot ot
ar — 4o 1
g gtt aa 6T (8 0)
0%t
Grr = g;&tﬁ + g;’r (811)

Three unknown functions t(a, 1), g;,(t(a, r),7), ;. (t(a,r),r) and three equation-
s.

Le., for any gaa, 9ar, 9rr, we can find such t(a,r), gi;, g.. that Eq (8.9)-Eq
(8.11) are satisfied. = The transform T always exists.

Using this transform (without having to know exactly its form), the metric with
spherical symmetry can be written as (dropping ’)

ds® = gy (t, r)dt* + grp(t,7)dr? + r2dQ? (8.12)

Claim: Any spherically symmetric metric in 4-d spacetime can be written into
Eq (8.12) form.

e Signature of spacetime in G.R.(-+++)

Therefore one of g4 (t,7) and g,..(¢,r) is negative and the other should be posi-
tive. We choose sign(g:) = —1, sign(grr) = +1 for now.

Then the metric sometimes is written as

ds®> = —f(r,t)dt® + h(r,t)dr? + r2dQ*  (f,h > 0) (8.13)
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or
ds? = —e2tr) qy? 4 287 gp2 4 12402 (8.14)

The metrics Eq (8.12), Eq (8.13), Eq (8.14) are the best we can do to a spheri-
cally symmetric spacetime.

8.1.3 Vacuum

The metric of a simplest spacetime (except Minkaski) is known now. One the
other side of the E.E.
G =811y, (8.15)

the simplest form of 7}, is vacuum, defined by 7}, = 0.
e In vacuum, the E.E. can be re-written

1
R, — ig’“/R =8nT,, (8.16)
Taking trace
1
R - 5 AR =8rT [T =T"] (8.17)
R = -8rT (8.18)
1
R, =8n(T,, — §Tglw) (8.19)
In vacuum, becomes
R, =0 (8.20)

¢ Reminder:

@ T} does not have to be zero everywhere in spacetime. As long as it is zero
in a large chunk, we sometimes call it a “vacuum” solution.

® The word “vacuum” here is really a local word; meaning T}, only need to
be zero locally.

(©E.E. is a local equation, like Maxwell’s equations in its differential form.
Everywhere T),, = 0, the euqation R, = 0 has to be satisfied.

While for regions T}, # 0, then R,, need to satisfy the G, = 8T}, at those
region.

8.1.4 Solution of the vacuum E.E for a spherically sym-
metric spacetime

e Published January 13, 1916 by Karl Schwarzschild.

o Written during W.W.I when he is in the Russian front.

e Einstein’s GR was known November 1915.

e First exact solution of E.E and reminds the most important one.
Einstein:
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I had not expected that one could formulate the exact solution of

the problem in such a simple way.

e K.Schwarzschild died shortly after his paper was published in 1916, because
of the disease he caught at Russian frontline. (May 11, 1916)
Start from

ds* = =22 4 2P0 gr? 42 (d6? + sindg?) (8.21)

(t,r,6,p) being coordinates.
Christoffel symbols

1
Fﬁu = igp)\(auguk + 8ug>\u - 5,\9W) (8.22)
v, =TI7,(= we need to only compute 1 < v cases.) (8.23)
r _e2o¢(t,r)
28(t.r)
[g/u/] = 2 (8.24)
L r2sin? 0
r _672a(t.r)
V —2B(tr)
[9"] = N (8.25)
7‘2
L r2sin20

1
Fgo = 590/\(8090A + 0ogro — 9r900)

1
= 5(76720‘)(7620‘)2 - Jpv

= Oy (8.26)

1
Iy, = igm(aogu + 0190 — Orgo1)

= —(—e 2 (—€e?)2 - 01
=i (8.27)

1
rY, = 59(“(3191,\ + 0191 — Oag11)

- %(_e_za)(—€25)505 -2

=779y (8.28)
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The rest

Nz

2

I's
2

o3

2
33

1
= 590)\ (8;491/” =+ al/gAu - a)\gul/)

1
= 5900 (auguo + aug()u - 809;“,)

1
= 5900(6V900) =0

1

= —¢"%(~0og,,) =0 (v>2,u < v,not summed)

2

1
= 591)\(8#910\ + aug)\u - a)xg,uy)

1
= 5911(8;19111 + 81/91;1 - alg,uv)

1 1 .
= 5911(—51900) = 5(6 ) (+e2*)2010
=2y a

1 1
= 5911(30911) = 5(672ﬂ)(€25)230ﬁ

= 0of3
1 1
= 5911(51911) = 5(6_%)(6%)2315
=018
_1 11 a a _a
= 29 (Opg21 + 0291, 19u2)

_1l _
=I5y =

= 29" (~0ugm) = () (-20)

= —re 2P

1
= 5911(@931 + 0391, — 019u3)
= F%s = Fé:a =0

1
= 5(6‘”)(—27" sin? 9)

= —rsin20e 2P

1
= 592)\ (3,¢9u/\ + aug/\p, - 3/\g;w)

1
= 5922(augu2 + 61/92# - alg,uu)

=I2,=0

1 1
= 5922(5u922 + 0292y — O2gpu2) = 5922(8“9”1,)

:0:F§2
1 22(

01922)

— DN

= —~2T:

1 1
2 r2 r

—_

= —g*(0u932 + 03922 — 02gyu3)
= F%?, = F§3 =0

11

92

[\]

(—2r%sinf cos @) = — sin 6 cos §
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1.
FIZLV = 793)\(8//‘91/)‘ + 8)\gku - a)\guu)

2
1 ..
= 5933 (8,u9u3 + 3u93,u - aSQ;w)
1
= 5933 (augu?; + aug?)p
Fio =0= F31 = F?l = ng = F?z = ng = F83
1 1
3 _ + 2, 1
I'is = 57252 Sin202’l"bln 0= "
1 1 cos
3 _ =
I = 372 sin202r sinf cosf = p—
ng =0

Riemann tensor

Ricci tensor

(1)Roo = [958 + (008)* — Bpxdo 3]
+ 2@ d2a + (010)? — D1ad1 f — %8104

(2)Ro1 = %503

(3)R11 = —[61201 + (810&) — 01018 — %816]

+ 2B=928 + (9pB)? — Bpdo ]
(4)R22 = 6_25[7"(616 - 810&) - 1] +1
(5)R33 = R223in29

E.E. for vacuum: R, =0

These requires,

Aside:

0B =0
80R22 = 6_25 T (—8081a) =0

6—5()
(9004—

a—/h Ydr + g(t)

a=f(r)+g(t)

The metric is then

ds? = =2 M 290 qi2 4 25 g2 4 12q0?

(8.54)

(8.55)

(8.56)
(8.57)
(8.58)
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We can do another coordinate transform
dt —s e 90t (8.66)
then the metric becomes
ds* = 21 at? + 2 dr? 4 12402 (8.67)

We call this a static metric-independent of z°.

And the above procedure proved:

Any spherically symmetric vacuum metric can be transformed into a static met-
Tic.

Therefore sometimes in literature, a spherically symmetric & vacuum metric is
often assumed to take the form

ds® = —a(r)dt* + b(r)dr® + r2dQ? (8.68)

Continue our solution to Eq (8.54) to Eq (8.58)

2(B=0) (1) 4 (3) = %(8104 +0:18) =0

81a + 81B =0 (869)
4)=eP[r20,8 - 1] +1=0 (8.70)
(1-2ro1Be 2 =1
Or(re 2Py =1 (8.71)
Solution:
e =14 g  is arbitrary constant (8.72)
a = —p(r)+ h(t) (8.73)

The metric becomes

ds? = —e 2P 2O 2 4 (1 4 ﬁ)_1 + r2dQ?
r

= e POg2 + (1 + E)ar? 4 12402 (8.74)
T
2 (1 H\ 2 H 1o 2 702
ds® = (1 r)dt +(1+r) dr? 4 r2dQ (8.75)

This is the Schwarszchild solution of the vacuum Einstein equation for an spher-
ically symmetric spacetimes.
e Fix the constant

The Eq(8.75) is asymptotically flat, i.e., gu. =, N Minkovski metric in
spherical coordinates with r being the radius from origin. Therefore we interpret
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Eq(8.75) as the exterior gravitational field of an isolated body. And we also call
the “4” is sm as the “radius” and the “t” as the “time”.

i can be fixed by comparing the Eq(8.75) with the metric of the weak field
of a body with mass M.
In previous section, such a metric was obtained on Page 25.

S
Too = ~4¢ (8.76)
Vi = Yio =0
where ¢ = — is the gravitational potential.
_ 1 1
Yuv = Yuv — 57];1117 = Yuv — 577“1/(4(1)) (877)
—4¢p + 2¢
—2¢
[Vuw] = 2 Yy = —2¢5,, (8.78)
—26
then we have
Juv = Nuv + Yuv (879)
In spherical coordinates
goo = —(1+2¢) (8.80)
Gyy = (1 —29) (8.81)

Comparing with Eq(8.75), we get u = —2GM.
Then finally we arrive at the celebrated Schwarzschild metric
2GM 2GM
¢ )dt* + (1 — 26M
T r

ds* = —(1 — )" tdr? + r2d (8.82)
Comments:

(a) Birkhoff’s theorem: S.M. is the unique spherically symmetric vacuum solu-
tion. By “unique”, all other solutions can be reached from the SM by coordinate
transformation.

(b) The source dose not need to be static. E.g. a collapsing star, a supernova
explosion. As long as the process is spherically symmetric.

(c) This last point (b) is like in e&m, where a radial redistribution of total
charge dose not affect the electric field outside. In particular, little radiation is
generated. Similarly, since the gravitational field is not much changed during
redistribution little gravitational wave will be generated.

8.1.5 Singularity in the SM

Singularity? What is it.
Mathematically, a (set of) points at which some given mathematical object
becomes not defined or not “well-behaved”. E.g., infinite or not-differentiable.
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1
Complex analysis: — — order n singularity;
x

flz) = sz(z) z=0 removable singularity (8.83)
1. Here,
ds* = —(1 — g)dtQ +(1- g)—ldﬁ + r2d0? (8.84)
Two superfacial singularities of the spacetime
v=0 (8.85)
v =2M (8.86)

Since the metric becomes poorly behaved. But is this a precise enough reason
to say they are singularities?
Answer: No. True physical singularities of spacetime should be defined from
the behavior of some physical process, not simply from the metric.

In particular, metric g,,’s components depend on the coordinate system you
choose for the manifold.
E.g., in polar coordinates, the metric of R?

ds* = dr* + r*do* (8.87)

At point = 0, g, = 0; but we know that point is perfectly ok. So, we need to
study coordinate independent quantities to characterize singularities.
Here is our definition:

Definition 8.1.1. Points at which any scalar constructed from the metric be-
comes infinite.

e By “scalar”, (0,0) type tensor.

o Singularities defined this way are sometimes called “curvature singularities”.
o Many times we also associate a physical condition to the definition: These
points have to be reachable by travelling a finite distance along a geodesic.

e Other definitions exist.

Scalars we usually consider

Ropopg®g”” = R Ricci scalar (8.88)
RaBUpRMu)\nga#gﬁyggAgpn = R#V)\TIRHV)\U (889)
Ra,BapRuVAngaggUAgﬁugpn = R#DR/W (8'90)

Ryuvpa RP7V TR, MY (8.91)
(8.92)
8.93)

even high orders in R,,0p- 8.94)
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Non-singularity?

e Check all scalars at these points.

e Geodesics behave well at these points.
2. Analysis of r =0 and r = 2M

48G? M*?

afyo _
R = G

Rogryo (8.95)

Then r = 0 is a singularity point, since the above blows up. While the r = 2M
manifold is not singular from the point of view of R,p,,R*?77. Indeed, you
can check other curvature scalars, at » = 2M, they are not singular.

Proof. Find a coordinate system near r = 2M, s.t. the metric is well-defined
and well-behaved.
Consider the coordinate transform

(t,r) — (v,r) (8.96)

where

v:t+r+2Mln|ﬁ—1| (8.97)

The metric then will take the form

2M
1222

ds* = —( . Ydv? + 2dvdr + r2d9Q? (8.98)

This metric behaves completely fine at » = 2M.
O

e There exist (many) other coordinate transforms that will make the metric
well behaved at r = 2M.

e Though the r = 2M surface is not singular, we will show later on that it
is an very very interesting surface, which has astonishing properties.

8.1.6 Interior solution
The manifold of » = 2M happens for an object with mass M at

2GM

rs =2M = =2

M
~ 2.95(M—)km Schwarzchild radius (8.99)
(O]

For our sun, 7, = 2.95km < Rgun; €arth, ry = 2.95 x 3.0 x 107 %km = 9mm <
Rearth-
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Therefore for most objects, the Schwarzschild radius is well inside the object,
where the S.M. solution is not valid anyway.

E.E with spherically symmetric fluid

We wish to :

(D Study the gravitational field inside an spherical object.

@ Compare with Newtoni

@ See how to join with the exterior Schwarzschild vacuum solution.

e Suppose that the equation of state of the interior matter is p = p(p).

e The interior matter density

an limit.

-

sy
N

- ‘Deund‘wﬂ '

p=p(r).

e Interior reached equilibrium & therefore static.

We use a metric

ds? = —e22Mqr? 4 2P gr? 4 12402

E.E. becomes

1, d
(a) Goo 3¢ dr[r(

1

_ 6—26>]

(b) Gy = _ﬁe—%u —e )+

d2
(c) Goo =1 d—rg

(d) G¢¢ = sin29G99

da

+ (5)2 +

2 do
rdr
1 da
rdr

do . dg
dr dr

dr

s 1

r

)

(8.100)

(8.101)

(8.102)

(8.103)
(8.104)
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Assuming the interior is a perfect fluid, then

" = (p+ p)vv” + pg"”

Here v* is the for-velocity field of the fluid satisfying v# v, = —1.
Since the star is static, v* only has t component, so

2010 go0 = —1
’UO — e—2a(7’)
vy = —e*(")
' =0
These produce a TH":

(1) TOO = peza

(2) T = PeQB

(3) Tyo =17p

(4) Ty = sin*0Tpe

And they have to satisfy the conservation law

v, T

(8.105)

(8.114)

Computing the Chiristofel symbols, then the covariant derivitive, we get the

only non-vanishing component v = ~,

5) (p+p2

dr — dr

(8.115)

Now, we have all components collected in our hands, we need to solve them.

(a) = (1) - 87
(b) = (2) - 8w
(¢c)=(3)-8n
(d) = (4) - 8
(5)

we have 4 functions a(r), 5(r), p(r), p(r).

We need to know «(r) and G(r). To do this, perhaps we need to know as an

input:

— both p(r) and p(r); or

— only one of p(r) and p(r) and the other can be fixed; or

— perhaps both p(r) and p(r) have to have a fixed form to let a(r) and S(r)

have a solution.
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Which is the case, let us try to solve the system.
First let us trade-off 5(r) by m(r)

m(r) = =r(1 — e 281) (8.116)

Then the (0,0) component of the E.E becomes

dm(r)
dr

= 4mr?p(r) (8.117)

while (1,1) component becomes

da(r) — m(r)+ 4mr3p(r)

= 8.118
dr r(r —3m(r)) ( )
using this in the conservation Eq(8.115), we get
dp m + 4mr3p
—_— = _— 8.119
dr (p+p) r(r—2m) ( )

The (2,2) component equation, which is the longest, can be checked to be
automatically satisfied using Eq(8.117), Eq(8.118), Eq(8.119) and definition of
m(r).

So effectively, four functions m(r), a(r), p(r), p(r) and three equations. Only
when one of them is fixed, the other three can be solved.

Eq(8.117) has solution of m(r) in p(r)

m(r) = /OT 4ra?p(x)dr + a (8.120)

This allow us to express the g,,- component

T 2
=P =1 - 20y 2Jo dma”pla)de 1 20 (8.121)
r r

2
Grr(r = 0) —1— 2 (8.122)

T

We want a smooth metric at » = 0 and therefore ¢ = 0. I.e.
m(r) = / 4ra?p(x)dx (8.123)
0

e Then assuming m(r) is known, the next simplest equation is Eq(8.119).
After solving p(r) from Eq(8.119) and putting into Eq(8.118), we can solve a(r).
e So, all of m(r), p(r) and a(r) can be fixed up to some integral constants by
knowing p(r).
e Unfortunately, we can not solve Eq(8.119) generally without knowing some
particular form of p(r).

Therefore we study some simple p(r) next.
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Before doing that, some comments: (1) The formula of m(r) is the same as
the mass formula in Newtonian gravity. However, it is not exact the mass in
G.R., because in G.R., the proper volume element is /|g|dz? = e~ 2812 gin Odrdode.
Mass is

M(z) = /OT 4 p(x) {1 - me(x)}iédx (8.124)

M(z) > m(r) since 2m(x) <z

The difference AM = M (x) — m(z) is the gravitational binding energy.
(2) In Newtonian limit, p > p, m(r) ~ p(r)R* > pr3, m(r) < r, then Eq
(8.118) becomes

da(r)  m(r)

ar = 7

which is the Poisson’s equation for Newtonian gravity potential.
(3) Eq (8.119) is called Tolman-Oppenheimer-Volkoff equation. It states a re-
lation between p and p that a equilibrium and static fluid should satisfy in a
spherical gravity field.
In Newtonian limit, it becomes

(8.125)

dp _ pm(r)

dr r2

which is Newtonian hydrostatic equilibrium equation.

(8.126)

Pressure, density & stability of stars

(1) Now we have to specify a form of p(r).
We consider an incompressible fluid of density p.

(r) = po T<R
P = 0 r>R

Then immediately from Eq (8.117)

" smrs <R
m(r) = / dra’p(x)de = ZWTRSPO _ "= (8.127)
0 3T po = r>R

(2) Then from Eq (8.119), now p(r) is solvable

R R?

[(_ng)é_(l_w'rﬁ r<R
p(r) = (1_%.%)% —3( _%)% - (8.128)
0 r>R

There was an integral constant that we used to set the boundary condition
p(R) =0.
We would like p(r) to be bounded at all r > 0:

Ip(r)] < oo for 7>0 (8.129)



8.1. THE SPHERECIALLY SYMMETRIC METRIC 59

The extreme of p(r) occur at points

oM r? . 2M 1
(1_f.ﬁ)2_3(1_ R)Z:O (8.130)
oratr =0, r=o00 (8.131)
dp(r)
t ——= =0 8.132
orat —- ( )
We can solve these potentially extreme points.
Eq (8.130)=
4R
2 2
= s 1
rt=R(q¢~+7) (8.133)
Eq (8.132)=
r=0 (8.134)
boundaries r =0 7 = oo (gone) (8.135)

@ When g — % < 0, Eq (8.133) has no real solution.
Extreme happens at the center of the star

1—(1—2My3
r=0)=py| ——L 7 8.136
P( ) = pPo 3020 1 ( )
4R 2M 1
qu<0;s3(1f R)271>0 (8.137)

Therefore, p(r) is bounded. @ When ¢ — % > 0, Eq (8.133) has real positive
solution

< R sincer > 2m(r),

R > 2M for r = constant surface to be static and spacelike

Le., p(r = R(q — %)%) will blow up. Summarizing (@) and @), we get () has to
be the case for a stable star.

That is
4R
e iR 8.138
or,
4 1 4
M<—- ——~ since —TR3p=M (8.139)
I (3mp)z 3

Physical statement: A object with low density but large mass can not be stable.
E.g., A gas planent can not be too heavy if it’s stable.
Comments:
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(D Is this statement due to G.R.? What about Newtonian case?
In Newtonian limit, Poisson’s equation(Eq (8.126)) lets us solve

2 2(p2 _ 2
smpg(R° —r r<R
pir) = § 3770 )
0 r>R
This is everywhere finite.

Therefore no stability statement can be said about the star.
@ What if p # constant? Results: 1) For do- < 0, and the star has a fixed

dr —
radius R, one can always prove the maximum stable mass is
4
Moz = §R (8.140)
2) For % < 0, [p(r)] < po and d’;—(pp) at small p, there always exist an upper

limit of mass for stable star.

e Along this line, many interesting and grand conclusions can be drawn about
stars.

Consult some modern astronomy books.

3) Eq (8.118) for p = constant case can be solved analytically. The result is
quite long so we will not write it out.

But beyond r = R, we can verify that the solution becomes

oM 2M
ds®> = —(1— “=dt* + (1 - ==)'ar® + 240> r>R (8.141)
T T

IL.e., the two part of the metric join smoothly.

8.2 Geodesics in the Schwarzschild Spacetime

The interest here is to study how the geodesics behave in the vacuum part of
the Schwarzschild in spacetime.
2M 2M
ds* = —(1 — =—=)dt* + (1 — =) "tdr? + r?dQ? (8.142)
r r

The reason to study geodesics is apparent: all matter, including satellite/moons
around planets, planets around stars or space travellers, follow their geodesics.
We would like to know what happens to them.

Ve Cefianm
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8.2.1 The general geodesic equation and its simplification

Geodesic equation, ,
o
i S (8.143)
dX? PTdN dA
where A is a affine parameter.
For timelike geodesics, A is chosen as propertime.
For spacelike geodesics, it can be chosen as proper space.
For null geodesics, it is some affine parameter.

Also, we have the normalization condition

dzt dx”
Ty e = K (8.144)
1 timelike
here, k =< 0 null
—1 spacelike
The Christoffel symbols (non-zero):
M
0 _
o, = NESEIYy (8.145)
M
Top = =5 (r —2M) (8.146)
T
M
N, =-——- 14
11 T(T . 2M) (8 7)
Il = —(r—2M)sin?6 (8.148)
1
I3, = " (8.149)
I'2, = —sinfcosf (8.150)
1
s, = " (8.151)
6
r3, = & 8.152
8= 00 ( )
e 4-components of the geodesic equation:
d*t 2M  dr dt
[ —— — — .1
2 r(r —2M) dX\ dX 0 (8.153)
d?r M dt \2 M dr\2
4y (=2 =) - —— (==
pztEl )(dA) r(r — 2M) (d)\)
doN2 . 5, rddN?
- (rsz)[(a) +sin 9(5) } ~0 (8.154)
20 2dodr do\ 2
W+;aa—suu9cosa<a) =0 (8.155)
¢  2dpd 6 do d
4o 2dodr  eosbdddo (8.156)

d\2 " rdhd\ | Tsin@dhd\
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Normalization condition

2M N / dt\2 2MN\—LrdrN\2 = SrdoNZ 5 . o, dON\2
ST @) () (@) () et (G) =
(8.157)

+1 timelike
where Kk =< 0 null

—1 spacelike
Simplification:
Now this is a system of ode’s.
e Solution will depend on initial position and 1-st derivative. Notice § — w—0 is
a symmetry of the system (and the metric), then if initial position and tangent

vector lies in the plane 6 = 5 then the test particle will remain in this plane,

because it should not deviate from this plane to any direction.

On the other hand, any initial position and tangent vector can be brought to
this plane through rotation of coordinate system. Therefore, whitout losing any
generality, we can set

0(0) = g for all A (8.158)

And this apparent solves Eq (8.155).
e Then using this in Eq(8.156) - 72, we realize its a total derivative

— 447 — 8.159
ie.,
do
227 1
T N (8.160)

d
e The Eq (8.153) can also be tackled, treating r(\) and é , as known functions,
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2M
multiplying by (1 — —)) we see
T

Eq(8.153) :% {(1 - %) j—ﬂ =0 (8.161)
d
(1- ¥)£ _E (8.162)

So, once () is known, using Eq (8.160), Eq (8.162), we can get t(A\) and ¢(X).
2M

e The Eq (8.157), after multiplying (1 — T)’ and using Eq (8.160) & Eq

(8.162), becomes,

dr\? 2M\ ¢ L?
J— 2 — —_—— — =
E +<d>\) +(1 - )(T2+n) 0 (8.163)
This can also be written as
1/dr\2 1
(2 = _F? .164
2<d)\) Vi) =3 (8.164)
where,
1 2M L? 2M
V=5 (1= st g (1-57)
1 2M L?
=3 (1- T) (i + 72) (8.165)
de dt
e Finally the longest equation Eq (8.154), after substituting d—(p, P becomes
r’ dr
d r/di 2M L? E?
() (=) + 5 =] =0 (8.166)
From this we get
1 /dr\2 , 1 5
(= = _F 1
S(55) +Ve) =3 (8.167)
iy = L1 My (B
where V'(r) = 5 (1 . ) (7‘2 + c) for any constant c.

Then comparing with Eq (8.164), we see that ¢ = x in order to have solutions.
Summary:

= We finally have 3 equations, Eq (8.162), Eq (8.160) and Eq (8.164) with r(X),
©(A) and ¢(\) undetermined.

= Once r(\) is determined, the rest can be fixed easily.

2
= The Eq (8.164) equation is the same as a unit mass particle of energy %
moving in 1-dimensional effective potential V(7).
= The integral constants L and E corresponds to the test particle’s angular
momentum and energy per unit mass respectively. They are conserved because
they are constants of the motion.
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= In Newtonian gravity, the equation of motion would be the same except the
1 ( 2M ) 1L?

potential 1} =—1-—)rk+ =
Newton 22 r 2 2
Le., without the ———— term.
T
D
Newtonian Gravity (CD
massive particies
06 %5
‘ 4
)
b2
Zoan N
M=t
M
02
I
0! ;
0 0 20 30

S .
L &)

MNewtonian Gravity

massless particles 4
06 - 1
L4
X L=5
0z s
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Chapter 9

Analysis of the motions

We compare the motion of massive and massless test particles in G.R. and
Newtonian gravity, hoping to find some detectable effects that can confirm the
validity of G.R.

First let us point out some general conclusions that are not specific to G.R. or
Newtonian gravity, but to any central force potential

%(%)2 + V(r) = constant (9.1)

d
(a) If V(r) allows a stable circular motion for a test particle (é = 0), their

d d?
V(r) should have local minima. ILe., ‘Zl(r) = 0 has solutions, and ;/gr) >0
r r
at that r.
In our case,
av Mr? — L?r + 3M L%
=T Tt =0 (9.2)

dr rd

where kK =

0 Newtonian

1 massive 1 G.R.
and 6 =
0 massless

The solution then is

3M$ k=0,0=1
re =19 L2 ++/IL*—12M?L%5 1
oM n

They are potential locations of stable circular motion.

(b) If the potential has a local minimum, then there can exist bound orbits.
The bound orbits which are not circular will oscillate around radius of stable
circular motion.
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9.1 Newtonian potential, massive particle

ex=0,0=0.

There is not a solution for r., no circular motion, no bound orbits.

e Straight line in R? since in Newtonian gravity, gravitational force is zero be-
cause of zero mass.

e Smaller L means closer initial shooting direction.

e Imagine a massless particle hitting a potential vocano like this.

* Slowing down as approaching, then bounce back, all along straight lines.

* If you have higher energy, you can psss straightly.

* If you have closer aiming direction, you have an lower version of the potential,
i.e., a lower mountain, and you can come closer to r = 0.

9.2 Newtonian potential, massive particle

e k=1, =0, there exist a local minimum.
2

Stable circular orbit at r, = —

Bound orbit around this radius.

e If your energy £ > V(r = o0), you have unbound orbit. (From classical
mechanics, bound orbits: ellipse; unbound orbits: para-bola or hyper-bola.)
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Vi
waboued 3 !

i

: «“':_*;“ V(=)
LDO‘.md — ; 1
Cioalay —3
\(!

G.R. geodesic motions
The difference in potentials is the ~ %3 term, therefore it will be manifest when

r is small.

9.3 G.R. massless particle

NIV
A

i .

f

.

PN

e
i \
£ .
k1 .
i .
R i

B L I

ex=0,0=1.
r. = 3M is an maximum.
No stable bound orbit: either fly in or out.

9.4 G.R. massive particle

erx=10=1

L?++/L* — 121202
- (9.3)

Te oM
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(v Lﬂa‘ié'zmm

T <

o If L2 < 12M?, r, is not real V(r) has no minimum or maximum. (It do has
a V(r) = 0 point at r = 2M.) From the Eq (8.164), indeed one can show that

dr(initial
for particles with M < 0 and L? < 12M?, the particle will fall directly

the r = 2M surface and enter it.

L? — VLT =120 M?

o If L2 > 12M?, then 7o, = Wi is a maximum while r.4 =
L2 +VIA - 1202 M2

+ Wi is a local minimum. So stable circular motion is possible
at rey.

N | =

1
Bound orbit exist if §E2 < V(oo) =

Unbound orbit exist if V(c0) < $E? < V(r—).
e Because L? > 12M?, r., > 6M, 3M < r._ < 6M, where both 6M are
obtained when L? = 12M? and the 3M for r._ is when L? — oo.

L2

Noting in Newtonian case, 7. = — = r., (L* — 00), therefore the L — oo

limit in G.R. corresponds to the Newtonian limit.



Chapter 10

Observational effects of

G.R.

10.1 Precession of perihelia

e The radial geodesic was
1 /dr\2 1,
s(55) v =5E (10.1)

We showed that when L? > 12M?, there exist a 7., for massive particle. If

1
§E2 = V(rc4), then the test particle will do circular motion.

e When 3E? is slightly larger than V(r.), the r(X) will oscillate around re...
Using,

T =Tey + 0sin(w + ¢) (10.2)
1
5E2 =V(rey +96) (10.3)
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We solve the frequency of oscillation to be

2V M(rey — 6M)

2 c+

2 =« 7 10.4
"odr? le=rey 13 (1o — 3M) (104)

where we used 7.4 to substitute L2.

e The above was all about radial geodesics.

We had two simple equation Eq (8.162) and Eq (8.160) that we need to solve
too.

From Eq (8.160), when r ~ 7.4,

4= (B () - (E o0 wa
9 M
W2 = (10.6)

e (rer — 3M)
(a) In the limit of Newtonian gravity
L — o0

then,
Tet > M
Apparently, w? ~ wz. Both r and ¢ return to their initial values simultaneously.
w n
Orbit is closed. (Indeed in N.G., — = —, for n, m integers.)
We m
(b) In G.R., w, # w, cause a precession of angle at which a minimum r is
achieved.
These minimum 7 points are called “perihelia”.
The precession due to G.R. is

Wp = Wy — Wy

- M _ Mrey = 6M) (10.7)
7'24— (res —3M) 7'2+ (ret —3M)
3M3

=22 (10.8)
ot

It was proven that for elliptical orbit with semimajor axis a and eccentricity e,
the precession to lowest order is

3

3M=

— 10.9
(1—e2)az (10.9)

Wwp ~

% This result was applied to the precession of Mecury around the Sun. Ein-
stein at 1916 showed that the G.R. explained it well. And this success was an
important factor for the early acceptance of G.R. by people.
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10.2 Bending of light ray

In last section, we used the Eq (8.160) for timelike geodesics to solve the fre-
quency of angular motion. We now look at the Eq (8.160) for null geodesics.
e The Eq (8.164) allows us to solve

i {Ez_ﬁ(l_%)f (10.10)

r2 r

while Eq (8.160) can be written as

b= T% (10.11)
combining , )
We would like to consider
Ap = (A =400) — p(A = —00) (10.13)

Graphically:

At A\ = £o0, the trajectories are almost straight lines. Because at r — oo, the
metric is Newtonian-like.

e For the distance r()), there is a turning point where r stops decreasing and

starts increasing. That is when —:\ =0.
From Eq (8.164), that is when

V(r) = %EQ (10.14)
L ML* 1,
L\2
3 J— —_— —_— =
. (E) (r—2M) =0 (10.16)

The solution, denoted by rg, is

ro = \Z/bgcos [% cos ™! (— 3§Mﬂ (10.17)
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L . .
b= — is called “apparent impact parameter”.

e Then the angle of the tangent vector accumulated from r = co to r = 1y is
given using Eq (10.12)

o Lo, L2 -3
A¢1_/ 772{E—73(7«—2J\4)} dr

oo

" dr
- /oo [r4b=2 — r(r — 2M)]% (10.18)

While the whole bending angle, by symmetry (or by defining ¢ = angle from
baseline, and then 7 — ¢ on the other half), is two time Ag;.

1
After changing of variable u = —,
r

1

) d
Ad = 206y = 2/ ’ 4 . (10.19)
o (b2 —u242Mu3)2
This expends on two parameters b and M; note rq = ro(b, M).
e This is an integral quantity, the Newtonian limit is in M = 0.
A¢(M—>0)—2/'17 du (M —0)=b (10.20)
= o (b72 — UZ) =T To = .

Completely in agreement that null geodesics go straight in Newtonian gravity.
e In G.R., we would like to see the bending of light passing points with some
known distance from the center, not light with particular apparent impact fac-
tor.

Then we replace b? in Eq (10.19) by b2 = S from Eq (10.17)

T072M
Ad :2/r0 - _3d“ . (10.21)
0o (rg”—2Mry° —u?+2Mu3)2
lsmall M limit
I(A¢) 2
=Ao(M =0 M+ O(M
o )+ OM |m=0 +O(M7)
S % (10.22)

e 1919 Eddington, Arthur measured this bending and find good agreement with
G.R. First major prediction confirmed for G.R.



10.3. GRAVITATIONAL REDSHIFT 75

10.3 Gravitational Redshift

We have been working with the radial and angular geodesics equations. Now
we also use the t-component of the geodesics to derive another effect of G.R.

e Consider a light ray was emitted at time t'(A = );) from point (r4,604,04)
and was received at time t'(A = Ay) by someone at point (rg, 05, ¢R).

(ﬂ,gﬁg.‘fi&)

",

¥
‘ (E'@g’(ftr}

So its null geodesics is described by

[2#] = [t'(A), 7(A), 0'(A), ' (V)] (10.23)

)=r —
0'(\) =04, 60(\f)=0p (10.24)

Consider another light ray, emitted at some later coordinate time
t'=t(\) + At (At is X independent constant) (10.25)

with same initial r, 6, ¢ and four velocity.
Then from Eq (8.153), Eq (8.154), Eq (8.155), Eq (8.156), and Eq (8.157), it is
not hard to see they are also satisfied by

[2] = [t'(A) + At,7'(X), 0'(A), ¢ (M)] (10.26)

Le., the above is the geodesic solution of light ray. Then at coordinate time
t'(Ap)+At, the second ray will reach (r(As), 8(Af), ¢(Af)) which is (rp,08,¢B).
That is, the light ray emitted At coordinate time after, from the same source,
will be receive At coordinate time later by the receiver at the same position.

e The source fixed at (r4,604,94) and receiver fixed at (rp,0p, pp) usually are
massive materials. Therefore their world lines are timelike.

Their tangent vectors should satisfy the normalization condition

dzt dx”

N -1 (10.27)
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Denoting the source’s propertime as A4, and that of the receiver as Ag. Their
4-components as [¢y] = (ta,74,04,04) and [z5] = (tB,75,05,¢5). Then

_<1 — %) (%)2 =-1 (ra,0a,p4) are fixed. (10.28)
_(1 - %) (%)2 =-1 (rp,0p,pp) are fixed. (10.29)

IL.e., the propertime and coordinate time has relation for A:

2MN %
dhg = (1 - E) dt 4 (10.30)
for B:
2MN 3
dip = (1 - E) dtp (10.31)

Integrating both sides, noting r4, rp does not depend on t4, tp

Ay = (1 - ij\j)%AtA (10.32)
Ap = (1 - i]\lj)émB (10.33)

Now if two light ray was emitted by a time difference At4 and received by a
coordinate time difference Atp, we showed Aty = Atp. Then,

Ala (1 — M )5
- 10.34)
M (

In terms of frequency, the emitting and receiving frequency would be

1
wA_MB_<1—2rAB4>2 (10.35)
= = 2M :

For rg > ra > 2M (the usual case: r4 is the surface of a star, rp is the earth-
star distance), wp < wa, or Ag > A4 due to constancy of light speed.

= A resshift.

e First conclusive verification: 1959 the Pownd-Rebka experiment.

10.4 Time delay of light ray

Now we try to use the Eq (8.162) equation of null geodesic to show another
measurable effect of G.R.— Time delay of light signal.
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S ouY o

A

|
IR
QL

Vel ey
e The Eq (8.162) equation again
2M _ dt
_ N = F 10.
( T )d)\ (10.36)
and the Eq (8.164) ; Ve 2
dr g2 (1 - 2MyL)e
- 24 o
Then, we get
& 2M M\ b2 1~
ar = a (=) -0 (10.38)

L
where b = —. Then the coordinate time taken for the light from a source at r;

to its bending point at rg is

Ts Ts IM N —1 2M b2 _1
At :/ (1 . —) [1 - (1 - —) ?} 2 dr (10.39)
o ro r rJr
e The result depends on b, which is not easy to measure, therefore we, as before,
_1
us b=rg (1 — %) * to replace it. We also work on the first order in M, the

result is
At

Ts 2 p2 — 3
S R VA (A ) VY (EReL') RO
o o Ts +To

The time from sending until receiving by an receiver at 7., is then

Ts T
+ At

To

2 a2 2 _ .2
=\/r2—1r2+ r%—r%—i—ZM{ln(—rer s TO>—|—ln(—TTJr Ty TO)}

To
() (22
s + 7o Tr —T0

At =At

To




78 CHAPTER 10. OBSERVATIONAL EFFECTS OF G.R.

Souy Lp Sotane
k - [V u—
fe ; \ *ﬁ'vé‘
’T [ “v* z
v* \‘%
| 3
River Yecgie

e The propertime at the receiver radius r, is related to the propertime by

AN :(1 - 2M) At (10.42)

Tr

J First order of M

M
=At — —(\/rg — 713+ /12 —13)
r

= The \/r2 — 12 + /72 — 12 is the Newtonian limit result.
= The rest terms are G.R. corrections.
= This effect is first-noticed by Irwin.I.Shapiro. First confirmed in 1966.

Earth  Sua Ve ML



Chapter 11

Cosmology

11.1 Homogeneity and Isotropy

Definition 11.1.1. A spacetime is said to be homogenous if there exists a one-
parameter family of spacelike hyper surfaces 3, foliating the spacetime; and for
each t and any points p,q € Xy, there exists an distance-preserving map which
takes p into q.

About the observational support of the homogeneity of universe, there are
some data but not very conclusive.

Definition 11.1.1. A spacetime is said to be isotropic around a point p, if for
two unit spatial tangent vectors in the tangent space of p: vi € T, va € Tp,
there exist an distance-preserving map that can take vy to vs.

Observational support of isotropy around earth:

Cosmic microwave background first observed 1964-1965. Current CMB temper-
ature T' = 2.72548 £ 0.00057 Kelvin.

e The homogeneity and isotropy implies that the spacetime of the universe can
be foliated into R x ;. Its metric takes the form

ds? = —dt? + a®(t)j (v)du’ du? (11.1)

(1) The “—dt*” term might contain an coefficient function of t; but we can al-
ways scale t to make it 1.

(2) The a(t) is called scale factor; -;; is the metric on ¥4, 4,5 = 1,2, 3.

(3) The coordinates that make the metric free of dtdu’ term and spacelike part
du’du’ only depend on a single function of a(t), is called “comoving coordi-
nates”.

(4) An observer has constant ' is called a “comoving observer”.

79



80 CHAPTER 11. COSMOLOGY

11.2 Robertson-Walker metric

e Now let us see what else requirement the homogeneity and isotropy can put
on the metric.

Look at (3 Rijkl (Riemann tensor calculated from the metric 7;; of the 3-dimensional
surface) at any point p.

For a tensor in the tensor space of rank (0,2), Tk;, we have at point p,

((B)Ri]lekl =T (11.2)

is another element in the (0,2) rank tensor space. So ((*)R;;)¥" can be thought
as an linear map from
rank (0, 2) tensor space — rank (0, 2) tensor space

In linear algebra, you learned
AYT, =T} (11.3)
A% ig a linear transform. It is eigendecomposible

AL
A=Q Q! (11.4)
An

If the eigenvalues of A are different, then there exists set of vectors, whose norm
will not be scaled uniformly.

[ A

Therefore if we want the scaling of norms all vectors to be the same, then the
eigenvalues of A has to be the same.

So for ((S)Rij)kl, due to isotropy we want the scaling of norms of all tensors at
p to be the same, therefore the eigenvalues of ((3)Rij)kl should be equal.

Le.,

(DR =QksksLQ™" + Qk'oksiQ ™
l((s)sz)kl = (@R
=QkolQ "

ltransfromation of coordinates

(PR =kdf;s),
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e Lowering the indices by v;;, we get

D Rijrt = k(varvit — Yavik) (11.5)

The Ricci tensor becomes
GIRj = 2k (11.6)

The metric on the hypersurface should also be spherically symmetric (isotropy+homogeneity).
Then we can propose the following form (similar to the derivation of Schwarzschild
metric)

do? = yjdutdu’ = P dr? 4 12(d6? + sin® §)dp? (11.7)

e2B8(r)
Le., [y5] = r2

r2sin? 6

The Ricci tensor of this metric is

2
O Ry = 018 (11.8)
(3)R22 = 672ﬁ(7"81[3 — 1) +1 (119)
(S)Rgg = (3)R22 sin2 0 (11.10)

Matching with Eq (11.6), we get

1 9 25 1
Then )
d
ds® = —dt* + a*(t) [1 Tk 5 + 77 (df” + sin® Od?) (11.12)
— kr
Another change of coordinates
r— A/ |klr
a
a— —
vald
k
k— —
|K|
leaves Eq (11.12) invariant. Therefore what matters are the signs of k.
e The Robertson-Walker metric
2 2 2 dr? 20302 | a2 2
ds? = —di® +a (zt)[1 5 +17(d6% + sin® 0d?) (11.13)
— kr
k = —1: constant negative curvature on ¥. The metric/spacetime/universe is

called “open”.
k = 0: no curvature on X. The metric/spacetime/universe is called “flat”.
k = 1: constant positive curvature on X. The metric/spacetime/universe is



82 CHAPTER 11. COSMOLOGY
called “closed”.
1. For k = 0, the metric on ¥ can be computed to

dod = da® 4 dy? + dz* (11.14)

after usual spherical coordinates to Euclidean coordinates transform. Therefore,
locally the metric describes an flat R3.

il m*’

2. For k =1, we can transform r = sin x, then
dod = dx? + sin? xdQ? (11.15)

Globally, the metric describes a 3-sphere. This is not a 2-sphere you can draw,
which is embedded in R3. It does not have boundary but its size is finite.
3. For k = —1, transform r = sinh ¢ brings metric to

do? = dy? + sinh® ¢dQ? (11.16)

Space with constant negative curvature.
2-D section e.g.

Therefore sometimes, the RW metric is also written as

dx? + sin® xdQ?
ds® = —dt* + a(t) { da® + dy? + dz? (11.17)
dip? + sinh? dQ?
e Based only on homogeneity and isotropy, we fixed the metric from 10 unknown

functions of all spacetime coordinates, to 3 discrete cases with 1 function a(t)
of a single coordinates. (Power of symmetry)

11.3 Classical cosmological models

11.4 Friedmann equations

The E.E
G = 87T}, (11.18)
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work out G ..
From the RW metric Eq (11.13), the Ricci tensors

Ry = —32
a
ad + 262 + 2k
fin = 1—kr?

Roy = r*(ad + 2a® + 2k)
R33 = RQQ sin2 0

da . d%a

— = —.
o dt dt?
Ricci scalar

where a =

6, . .
R:$(aa+a2+k)

1
G,ul/ = R,uy - ig,uuR
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(11.19)

(11.20)

(11.21)
(11.22)

(11.23)

(11.24)

e For the energy-momentum tensor, we assume that the universe is filled with

perfect fluid:
Tyw = (p+ p)UnUs + PGy

where U, is the four-velocity of the fluid.
In a comoving frame, the fluid will be at rest

U, =(1,0,0,0)
And so

9ii D

—_ o0 O

T=T/=-p+3p

e The E.E produce (0,0) component
a

(1,1), (2,2), (3,3) components give only 1 equation

a a\? k
*+2<7) +2— =4n(p—p)
a a a

Use Eq (11.28) in Eq (11.29), we finally get two simplified equation

a 47

@_ = 3
. 5 (p+3p)

(9)2_81 _k
a —3p a?

(11.25)

(11.26)

(11.27)

(11.28)

(11.29)

(11.30)

(11.31)
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(1) They are called “Friedmann equations”. RW metrics that obey these equa-
tions describes an “FRW” universe.

(2) We also define a parameter

a

H

(11.32)

a
Hubble parameter: measure how fast the universe expands at a particular time.
Current measured value H > 0= universe expanding.

11.5 Different fluids

We finally have 3 Friedmann equations Eq (11.30) and Eq (11.31), and three
unknowns a(t), p(t) and p(t). We therefore need a equation of state p = p(p).
Essentially, the perfect fluid relavant for cosmology obey the simple EOS.

D=wp (11.33)
where w is a constant.
Then we can start to solve them.
d(a?) 8T 4
=d(— 11.34
o2 = a(Spa)fdt (11.34)
2ai = %’r(pa2 + 2paa) (11.35)
Using Eq (11.30), Eq (11.33)
p a
- =-3(1 - 11.36
L - s1rw)] (11.36)
solving this we obtain
p = poa~30H) (11.37)

po is the density when a(t) = 1.
To further solve a(t) and p, we need to specify particular value for w.

11.5.1 Dust universe

Collisionless, nonrelativistic matter. Therefore no pressure

p=0 w=0 (11.38)

e Immediately, p = poa~5.

This is easy to understand: the space volume increase as a® while the total
number of the dust is conserved, then the number density decrease like a2, and
the energy density p ~n-mg,.qp, 2 ~a 3.
e The Eq (11.31) now becomes

5 8m 1

8w
¥ — —po—+k=0 —po = 11.39
a 3p0a+ ’ 3p0 & ( )
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This equation looks quite simple but the result can only be expressed in the
form of a parameter equation.

1 1
k=41 a= 50(1 — cosn), where 7 is related to t by: ¢t — 5(:(77 —sinn).

0: a= (%)%t .

Wl

k

1 1
k=-1:a= ic(coshn -1, t= ic(sinhn —n).
Eq (11.30) is automatically satisfied.

a(t)

k=0

k=+1

(A) Since a(now) > 0, we are expanding. Left side of the figure.
(B) Depending on k, the universe might
expand forever: k1, k =0,
shrink eventually: k = 1.
(C) In anycase, in the past a — 0.
e The a — 0T state dose not mean the size of the universe is zero.
e Rather, the distance between matter is approaching zero.
= Everything is compressed together but the universe is still expected to be
infinite.

11.5.2 Radiation solution

1 1
For radiation p = gp, w=—.

e Then immediately from Eq (11.37)
p = poa* (11.40)

This is not hard to understand either:
The number density goes p ~ a~2, and then the wave length goes like \ ~ a,
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w ~ a~ ', then the energy density become
pr~at (11.41)
e The Eq (11.31) becomes after the same procedure as in the case of dust

8r 1 8w
W — —po— + k= = — 11.42
a——po g+ 0, ¢ 3 P ( )

The solution is then given by

k=+1 aﬁ[1(1\2ﬂé (11.43)
k=0 a=(4c)it2 (11.44)
k=1 o= ve[(1+ ) 1] (11.45)

Eq (11.30) is automatically satisfied.

>
"
[

k=0

k=+]

(A) Previous statements still hold.
(B) Most importantly, there was also a point of time that a(t) — 0.

11.5.3 Vacuum energy included
It is also possible that there is an vacuum energy with

A
vac __
L™ = =5 9w (11.46)
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or,

p=-—r=g ( )

w = —11in EOS. p = w = rho.
The E.E for T),, including such an vacuum energy should also be modified to

G =811y — Aguw (11.48)

here T}, = T}, (other) + T/2°.
However, we will not further assume other forms of energy-momentum tensor
or persuit fuither solutions. —Beyond the scope of this course.

11.6 Big bang

The perfect fluids studied in 2 are crude simplified versions. Reality differs.
e Observationally H = S na0- 90km/sec/Mpe > 0 (Mye = 3 x 10**em)
a

e Without assuming a particular form of EOS, as long as p > 0, p > 0, from Eq
(11.30), we see that

47

3 (p+3p)a<0 (11.49)
e Then a(t = past) > a(t = now) = 40 ~ 90km/sec/M,. - a(now) > 0.

I.e., the universe as accelerating faster.

If it was expanding at a constant value anow then some time T = Zlﬁ% ago,

d:

a(t) would be zero.
e This means the universe started from a density infinite and Ricci curvature

6
R = —(ad+ a* + k) infinite singularity. This singularity is called Big Bang.
a

My A

pytade

- s - o emeAG e enEOARE

i 1 “"’J—"*“‘D‘

(1) Consequently, the age of universe A iverse < & ~ 30Billion years.

(2) What is before the big bang?

There are theories on this, but very difficult to check.

(3) What is the state/process right after the big bang is intensively studied
research area.

(4) CMB is a remnant of big bang. LHC can be used to study some states after
big bang , QGP.
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11.7 Fate of the universe

The future evolution of the universe is determined by the Friedmann equations.
From Eq (11.31)

a\?2 8rm k
) ==y = 11.50
(a) 377 @2 ( )
using H = ﬂ,
a
k 8mp
— =1 11.51
a?H?  3H? (11.51)
. . . 3H? .
Defining critical density p. it = ——, and 2 = , this becomes
8 Perit
k

Therefore,

p<Perit Q<1 k=-1 “open”
pP=pait e Q=1k=0 “fat”
P> perit ©Q>1k=+1 “closed”

e Note that Eq (11.52) should hold for all time ¢, including thow. ILe., if we
measure H, and then p, we can know our future.
e Observationally, we find p = p.jt with very small error. Therefore the uni-
verse is flat.
e Among the entire energy density,
70%:Dark energy
25%:Dark matter

4% interstellar Hydrogen and Helium

0.5%  stars

5%: Known matter 0.3%  neutrinos

1%

0.03% heavy elements, including most planet and human beings

11.8 Effects of G.R. in cosmology

11.8.1 Cosmological redshift

Consider how an comoving observer measure quantities of free falling objects,
that is, quantities of geodesic motion.
e For an comoving observer,its four-velocity is

V# =(1,0,0,0)
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Then we can form an tensor
K =a*(gu + VuV,) (11.53)
As one can verify, this satisfies

V(UK#V) =0 (11.54)

where K, is a Killing tensor.
e Now suppose a particle moves along its geodesic. Its for-velocity is

dx*
V= — 11.55
Then we can define
K =k, VIVY = a®[V,V" + (V,VH)?] (11.56)

e Then I claim that k2 is a constant of motion along the geodesics.

Ak, VEVY)  dz®
Atvpr¥ V) K, V"
X VoK V")
— VOVAVYV ok + ki VE(VEVLVY 4+ VOV, V)
—0+0

where Eq (11.54) and geodesic equation V*V,V# = 0 are used.
e Therefore for a timelike geodesic V,,V# = —1,

k2 = a2[~1+ (V9)2]
(VO)2 — gijViVj =1

we solve V = Vi ViIVI = g

That is the particle will slow down w.r.t comoving observers/coordinates as a
expands.

This is indeed a true, physically measurable slow down by comoving observers
like us.

e For null geodesics V,,V# = 0, we have —V,V# = g Recall that —V,V*# is the
energy of the light ray observed by the comoving observer, and E = hw for light
rays, we have

w=-V,Vt= S (11.57)

At two different instents ¢; and t¢o, then

wr_ 42 (11.58)
%) a1

The wavelength then follows

)\1 a1
—_ == 11.59
e (11.59)
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There will be a redshift as the universe expands, as observed by comoving
observers. Usually, we measure the amount of resshift by

L= A1 — A2
SR
M
=——-1 11.60
- (1.60)

where A\ is in the future of .

e 2 is a very useful quantity in observational cosmology. E.g., we can observe
the hydrogen absorbtion line wavelength redshift. Say from n = 2 — n = 3,
Ay = 656.3nm, A1 > Aa.

We can identify how much the universe has expanded from a particular event,
such as supernova.

11.8.2 Cosmological horizon/particle horizon

e Since the universe has a finite age, and the light speed is the maximum speed
that particles can travel and is also finite, there exist a boundary in space be-
yond which the light did not have enough time to travel to us (or any comoving
observer), even if it started right after the big bang. This boundary is called
cosmological horizon or particle horizon.

N
}V‘M TN Clch \
* | R‘n /
' emq\‘\
AN ¥ ,{:’
- 4

Eulat 3

e Let us define a quantity to characterize the size of this horizon. We define a
“proper-distance” to be the distance measured on a slice of constant time. At



11.8. EFFECTS OF G.R. IN COSMOLOGY 91

time ¢, the proper distance ds between two points with coordinate distance dr
(same 0 and ¢), is defined through

2

2 _ 2
ds*=0+a (t>lfkr2

+0+0

a(t)
ds = 29 g
° V1 —kr? "

The horizon proper distance at time ¢ is then

r=r(horizon) 1
dep. = | ds=alt —dr 11.61
c.h. / ( )LZO m ( )

Zine - t

Now for the integral part, we know that light travels along null geodesics

ds® =0 = —dt* + () dr’ +0+0 (11.62)
1— kr2
dt 1
— = 11.63
a(t) 1 —kr2 ( )

This produces
t'=t dt/

dep () = a(t) /tl:o @) (11.64)

e Therefore for different models of cosmology, dust, radiation etc, we can always
compute a dc.h.
In particular, for any model we studied, we can check that

lim a(t') = t'*, 0<a<]1 (11.65)
t'—0
Therefore d.. j, is finite.
e Observationally, d. ;. (now) = 13.7 giga persec = 45 Billion light years.
e There exist other kinds of horizons in some cosmological models. E.g., cos-
mological event horizon. Don’t mix.
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Chapter 12

Black Holes (B.H)

12.1 Schwarzschild B.H

12.2 Causal structure at r > 2M

The S.M. is given by
oM oM\~
2 _ _ = 2 _ = 2 2 2
ds? = (1 —)dt +(1 : ) dr? + r2dQ (12.1)

e We have shown that the » = 2M surface is not singular: curvatures are finite,
and we also found explicit coordinate transforms.

e However, the r = 2M still turns out to be an very interesting surface.
Consider a radial null geodesic, satisfying

2M 2M N1
ds? =0 = —(1 - —)dtQ n (1 - —) dr® + r2dQ> (12.2)
r r
That is,
dt 2MN\ 1
& j:(l - —) 12.3
dr r ( )
or,
dr 2M
=1 —) 12.4
dt r ( )
The “—” sign one is called in-going, while “+” is called out-going. Eq (12.4)

gives the boundary of light cone.
At large r, |90] ~ 1.

93
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e
A

2 ¢

H

i

i
R T

i

A

?

With smaller 7, the cone closes up, until 7 = 2M T, where the cone completely
closes up.
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e It might seem that it will take infinite long ¢ for the light ray to reach 2M, and
the light ray might never cross r = 2M. But indeed, infinite ¢ does not mean

infinite proper time for the traveler. ¢ (or At) is only a good measurement of
the proper time r = oo where metric is Minkovski.
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e Infinite ¢ to reach » = 2M only means in the point of view of an asymptotic
observer at r = oo, the light ray/particle will never reach » = 2M in finite time.
e If the traveler sends back a light signal at its own fixed frequency, from our
studying of the red-shift, we know that the frequency at larger r is indeed smaller

£ L;
M
Y
A
\\\
e
—_ PN
Zan ]
1-— QM/Tsmau %
Wy — =|—F) wr— 12.5
r—large ( 1— 2M/Tlarge > r—small ( )
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! “"‘*""m-n-v--‘—,-..‘.,W..-hvm.--.e_wh,mﬂ#

B ‘ r
Ao At

- ({‘-f'»fs‘(

Le., when wr_gmau and 7ygrge are fixed, wy_jqrge approaches infinity as r ap-
proaches 2M.

e Indeed, for the proper time of the traveler (or affine parameter of the light
ray), it only take finite amount of time to reach and then cross the r = 2M
surface. Too see this, we need to find a better coordinate system to describe
the spacetime around r = 2M.

12.3 Coordinate transforms and causal structure
around r < 2M

We first notice that the Eq (12.4)

dt 2M N 1
T=x(1-27) 12.6
dr r ( )
is solvable to get
t = £r* + constant (12.7)
*()—/Ld =r+2MIn|— —1| (12.8)
PUE T oM T oM '

IL.e., the out-coming light ray move along curve t — r* = constant, the in-going
light ray move along curve t 4+ r* = constant
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£ ’A V‘"~9 0‘“% outd - Conai oy

\/“
e This motivate us to try new coordinates defined by

u=t+r" (12.9)
v=t—R* (12.10)

where r* is a function of r.
Tt is easy to work out relation from (dt,dr) — (du, dv).
The Eq (8.75) becomes

oM
ds? = 7<1 . —)dudu +72d0? (12.11)
T

{du = dt + =gy dr

dv = dt — #W‘d'r

where r should be thought as a function of u, v, obtainable by inversing r*(r) =
1

g(u —v), using Eq (12.8)

The null geodesics are u = constant or v = constant.

This metric is manifestly non-singular at » = 2M. However, the r = 2M surface,
from Eq (12.8), Eq (12.9) and Eq () is at u — v = —o0.

e We can try to make a half transform too:

(t,r) = (u,r)

where u is given by Eq (12.9).
The metric Eq (8.75) simply becomes
2 2M N o 2 1092
ds® = —(1 - —)du + (dudr + drdu) + r<dQ (12.12)
There is no singularity at » = 2M, which is also finite of the coordinate. This co-

ordinate system is called Eddington-Finkelstein coordinates. The null geodesics
along radial direction can be solved

ds* =0
du 0 “ingoing”
— = M~ -1 ) (12.13)
dr 2(1 - —) “outcoming”
T
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(1) Now its clear that when r < 20 all future-directed null geodesics, du > 0,
will have dr < 0, a decreasing r.

(2) No problem for both null and timelike geodesics to pass the r = 2M surface.
Therefore the r = 2M surface is locally perfectly regular, globally function as a
surface of no return.

Once a particle pass the r = 2M surface, it can never come out.

The r = 2M is given the name “event horizon” — any event happens inside that
horizon can never be observed by an outsider in any long time.

The region bounded by r = 2M is then called a “Black hole”.

TN

o

4 qféw.d"‘x

e Indeed from the definition of proper time.

2M -1
dr? = —g,, daide” = (1 - %) - (1 . —) dr? — 2402 (12.14)
T T

the maximum amount of proper time it takes for a timelike geodesic to travel
from r = 2M to r = 0 is when dt? = 0 = dQ2.

dr =M (12.15)

0 1
ATmax:\/dT:\/ -
2M [2M
s

This is the proper time that you will take when you energy is 0" right at the
surface r = 2M after you enter the horizon.
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12.4 Kuskal coordinates

e We can try to scale the u — v = —oo surface (r = 2M surface) to somewhere
finite. To do this, study the behavior of the metric near » = 2M.
From Eq (12.8),

r* ~2Mln|r/2M — 1] (12.16)
=r/2M ~ 1+ " /M =1 4 (uv)/4M (12.17)
2M
=1 - 2 ~ pelumv)/aM (12.18)
r
where “4” sign corresponds to r > 2M; “—” sign corresponds to r < 2M.

Then the metric Eq (12.11) around r = 2M becomes

“_» ~ 2M+
ds? — w/AM g N (=AM gy 42 90)2 r
S F(e u)(e v) +r P M-
This motivates us to introduce another transform
w_» —+
V::Fe—’u/4M U:eu/4M - T>2M
’ 47 e <2MT
Then,
dV = in dU = iUd (12.19)
T Tam Y “am M '
UV = Feu=0/4M = £or™/2M — oz (L _q) (12.20)
2M
The metric Eq (12.11) for all r becomes
2M N s4M 4M
d2:7(177)<—)(f—)d AV + r2dS)
s . i v udv +r
2M3 T
= 32M vy + 72dQ
r

The coordinates U and V are called null Kruskal coordinates.
e Kruskal diagram: A diagram obtained by drawing constant r and ¢ lines on a
U, V grid. We tilt the grid s.t. null geodesics are 45°
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(1) From Eq (12.20), constant r curves are constant UV curves.

(2) r=2M are U =0, V = 0 axis.

(3) Now there are two copies for each r = constant. Therefore the Kruskal
coordinates reveals a large portion of manifold than covered by the original
Schwarzschild coordinates.

(4) The original Schwarzschild coordinate cones region I and I1. It is seen the
hiting to r = 0 after » < 2M is unavoidable.

e One can also do a rotation

V=U+V)/2 (12.21)
U=(U-V)/2 (12.22)
The metric is then
2M? ~ ~
ds? = 376—7"/21‘4(65U2 —dV?) + r2dQ? (12.23)

r

The U, V are called Kruskal-Szekeres coordinates. r = (U, V).
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In this system, the relation (,7) and (U, V) are worked out:

t
cosh(

N 7)
g}:(r—oéef M r>2M

4
h(
sin (4M)

COSh(L)

< h

t
ot
sinh( 77

12.5 Reissner-Nordstrom BH

12.5.1 The metric
e Consider a spherecically symmetric metric

ds? = _€2¢(tﬂ‘)fdt2 e r2d9)

i 4M
}:(1—r>2e4M r<2M

101

(12.24)

where f = f(t,7), ¥ = ¥(¢t,r). This is the most general form of a spherically

symmetric spacetime.

Consider a electro-magnetic field in this spacetime. Its field strength F*? has
no 6 or ¢ direction components. This ensures it’s purely electric when measured

by stationary observers.

(=) =

o O X O
o O o X
O O OO
OO OO

The Maxwell equation in vacuum
VeF =0=g|285(|g|> F*”)
That is,
O (e¥r?F'")y =0, 9y (e¥r?F™) =0

solution then

Fir = e_w%, @ being an integral constant
r

The energy momentum tensor
o — 1 QL 1 o pY
Th= - (FFgu — 05 F" Fuy)

becomes
-1
Ty |
BET 4rd 1

(12.25)

(12.26)

(12.27)

(12.28)

(12.29)

(12.30)
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e The E.E from Eq (8.1) becomes

87718(:7 t) _ 47TT2(_Ttt) (1231)
w _ —47T7"2(—Ttr) (12.32)
8¢(T7t) :47_[_,’,.}('71(_1"25_’_]?) (1233)
or
2m(r,t)

where f(r,t) =1—- ———=.
r
Substituting T'%

we get m(r) = M — g—j, M Dbeing the integration constant.
e The metric becomes

oM Q? 2M | Q*\ !
ds? = _(1 - ?—)dﬁ + (1 -+ %) dr? + 120 (12.34)

One can show that @ is the total electric charge in the spacetime (we will not
do this though).

12.5.2 B.H.

The metric components have coordinate singularities at

oM Q2
-+ % =0 (12.35)
T T

or

re =M= /M —-Q* |M|>|Q
r=0 M| < Q]

e There are two surfaces, r =ry and r =r_, 74 > r_, when [M| > |Q|. When
M| = 1Q], 7y & 1.
We can show that the r; is an event horizon and therefore metric Eq (12.34)
contains a B.H, called Reissner-Nordstrom BH. When @) = M, this BH is called
an extreme R.N B.H.
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e The r = r_ surface is not an event horizon, but an apparent horizon. (Which
we have not teach the proper background to understand this.)

e The r = 0 point is a time-like singularity.

That is, travelers do not have to hit this point. They are free to avoid encounter

it if they choose so.

12.6 Kerr B.H. and Kerr-Newnan B.H.

For completeness, we also give the last two of the four most well known BHs.

12.6.1 Kerr B.H.

The first is called a Kerr B.H. (discovered by Roy Kerr in 1963).
Its metric is

oM 4Mar sin® 2
ds® — _(1 _ T)dtz _ Mdtdqﬁ + 3,2 sin® 0dp* + %er + p2dh*

p? p?
(12.36)
where
p* =1r*+a*cos’ 0 (12.37)
A =7r%—2Mr+a? (12.38)
Y = (r* 4+ a?)? — a®*Asin? 6 (12.39)

This metric describes an stationary and mixing symmetric spacetime. M is the
total mass and L = aM is the angular momentum. So a us the ratio of angular
momentum and mass. The metric describe the spacetime of an rotating body.

e One can show that it also has an event horizon when M > a. This is obtained

from g, component, when A = 0, we get
r=ry =M+ M?—a? (12.40)

Therefore, Eq (12.36) also describes a block hole when M > a.
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12.6.2 Kerr-Newman B.H.

The Kerr-Newman metric

dr? . A sin? @
ds? = —(X+d92)p2+(dt—a sin? 9d¢)2?—((r2+a2)d¢—adt)2 e (12.41)
where
J

= — 12.42

a= (12.42)

p? =1 +a’cos’ (12.43)

A =7r?—2Mr+a®+6? (12.44)

Here M is the total mass, J is angular momentum while @ is charge. When
M? > a® + Q?, the A = 0 gives coordinate singularities

r=ry =M+ \/M2— (a2 + O2) (12.45)

One can show that 7 = 7 is an event horizon. Therefore the Eq (12.41) also
can describe a B.H. called Kerr-Newman B.H.



